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1. Introduction. 

This survey summarizes tlie "General QCD Parametrization" (GP), a procedure de- 
rived exactly from QCD, to understand and predict many hadron properties; it applies 
to the low energy region where, obviously, the perturbative method is out of question. 

The GP was formulated [1] to explain why a naive description -such as the sim- 
ple non relativistic quark model (NRQM)[2]- can reproduce semi-quantitatively many 
properties of hadrons. A classical example is that of fig.l, where a two parameter 
NRQM description of the magnetic moments of the lowest octet baryons is compared 
with the experimental data. 

Indeed the reason why the NRQM was so successful remained an open question till 
the development of the GP.^ A similar problem (why does it work?) existed for other 
simple models (e.g. the MIT bag model [5] -more limited, but still of interest), also 
providing a simple description of several facts. The GP solves these problems. Short 
summaries of the GP were given previously [16]. This report amplifies them. 

The starting point of the GP is this: Many hadron properties (e.g. magnetic mo- 
ments, masses, electromagnetic (e.m.) mass differences, semileptonic decays, strange 
quark contribution to the proton e.m. form factor etc.) can be parametrized exactly 
in the spin-flavor space exploiting only a few general properties of QCD. These are: 

a) Flavor breaking is due only to the mass term in the Lagrangian, 

b) Only quarks carry electric charge, 

c) Exact QCD eigenstates can be put in correspondence (for baryons) to a set of 
three quark-no gluon states and (for mesons) to a set of quark-antiquark-no gluon 

states, 

d) The flavor matrices in the electromagnetic (e.m.) and in the flavor breaking term 
of the QCD Lagrangian commute. 

However, although the above properties are essential in what follows, they would not 
lead too far without exploiting the "hierarchy" of the parameters [21], mentioned below 
(see point 3) and illustrated later (Sect. 7). 

As we will see, the "General QCD Parametrization" has three important features: 

1) The spin-flavor structure of the hadron properties, expressed in terms of 2x2 Pauli 
matrices, is similar to that of the NRQM; yet the GP is fully relativistic, although the 
procedure to derive it from QCD is non covariant. 

2) In spite of the complexity of the QCD interaction terms, the number of important 
additive terms appearing in the parametrization of several hadronic properties is often 
rather small, much smaller than one might have expected a priori. One reason for this 
will be stated in the next point (3). 

3) When all the values of the coefficients of each term in the parametrization (the 
parameters) can be extracted from the experimental data, it turns out that the terms of 
increasing complexity (for the meaning of "complexity" compare Sect. 7) are multiplied 
by decreasing parameters; we call this the hierarchy of the parameters. The hierarchy 
reduces the number of significant terms needed to reproduce the data, thus explaining 
the success of simple models hke the NRQM. 

4) The hierarchy allows also to define properly the notion of constituent quarks 
(first introduced in [2] as dressed quarks with their cloud of qq and gluons) . 

The fact that the general QCD parametrization is derived exactly from QCD using 
only the above properties (a to d) has the following implication: Any specific approx- 
imation (good or bad) to the exact QCD Lagrangian sharing the simple properties a) 

^Somc years later the same problem was studied by L.Durand et al. via chiral QCD [9] (compare 
also [10, 11, 12]). See also Ref.[13](De Rujula et al.), including a discussion of the relation between 
the NRQM and a Fermi-Breit approximation of the QCD Hamiltonian. 
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Fi gure ll The measured magnetic moments of the baryons compared with the values (sohd hues) 
calculated with the simple two-parameter formula (Eq.l in Ref.[l]) of the NRQM with /x = 2.793 and 
A = 0.96 (that is a = 0.65) having used as input only the proton (+2, 793) and A (= -0.613 ± 0.004) 
magnetic moments. [Calculated and (measured) values are neutron = —1.86 (—1.913); E~ = —1.04 
(-1.160 ± 0.025); S+ = +2.68 (+2.458 ± 0.040); S" = -0.05 (-0.6507 ± 0.0025); 2° = -1.43 
(-1.250 ± 0.014); /i(S -s- A = -1.61) (|expt| = 1.61 ± 0.08).] 
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to d), listed above (think e.g. to some forms of chiral QCD Lagmngian) also may lead 
to results with the same general structure as those of the GP (though the values of the 
parameters so obtained are not necessarily correct). 

By this we mean that if one performs a complete calculation with a specific approx- 
imate Lagrangian (say a chiral one) and/or with lattice QCD, one may obtain specific 
numerical values for the parameters mentioned above. But it is not evident that the 
values so obtained are better than those resulting from the GP, by fitting the largest 
parameters empirically and using the hierarchy mentioned above to estimate the order 
of magnitude of the remaining ones. Whether this is so or not depends on the chiral 
theory used, on the approximations performed in the chiral calculation etc. 

To anticipate an example of application of the GP we write below a formula (to 
be derived in Sect. 3) obtained with the GP [8] for the lowest octet + dccuplet baryon 
masses. This formula -Eq.(l)- improves the Gell Mann-Okubo formula; the particle 
symbols stay for their masses and T is a definition of the quantity appearing in the 
equation on the left. We will derive the Eq.(l) at the end of Sect. 3. The standard Gell 
Mann-Okubo formula is the same as Eq.(l), without the T term. 

-(p + S°)+r= ^(3A + 2E+-E°) r = s*- - -(Q + E*-) (1) 

The fit to the data depends on whether we use the conventional or the pole values for 
the masses of the resonances appearing in T: 

l.h.s. = 1132.36 ± 0.7 Me V, r.h.s. = 1133.93 ± O.OAMeV (conventional) 
l.h.s. = 1133.86 ± 1.25 MeV, r.h.s. = 1133.93 ± O.OAMeV (pole) (2) 

(the above numbers need no corrections from the e.m. contributions to the masses). 
A similar formula (except for the e.m. corrections) was re-obtained only later - by a 
series of chiral calculations (compare: Ref.[9], its Erratum Ref.[22], and Ref.[23]). 
Two other points should be mentioned: 

a) The GP does not need, for its derivation, the use of unproven, though widely 
adopted, assumptions. For instance it is often implied that chiral dynamics is needed to 
relate QCD to constituent quark models. This is incorrect: The relationship between 
QCD and constituent quark models depends on the hierarchy mentioned above and is 
much more general (See Sect. 7). 

Neither chiral dynamics nor the notion of pions as quasi-Goldstone bosons play any 
role in deriving the general paramctrization that relates the quark descriptions (both 
current and constituents) to QCD. 

b) We will consider only problems of hadrons with light quarks {u,d,s). The fact 
that the NRQM works quantitatively has always been considered miraculous for the 
light quarks (although to understand its working raises problems also for the hadrons 
with non zero charm or beauty). It appears from the GP that the reason why the 
NRQM works has nothing to do with the low velocity of quarks inside the hadrons, 
that was implied in [2]; u,d, s quarks can move as fast as one likes. 

Finally, besides clarifying why some models work, the general paramctrization (with 
its hierarchy of parameters) leads to a variety of new results, as we shall see. 



2. The derivation of the general QCD parametrization. 

In the past section we exemplified in fig.l (magnetic moments) how the NRQM 
describes semi-quantitatively the data. Here we show how the general parametrization 
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is derived from QCD. It is simpler to discuss the masses of the lowest 8 + 10 baryons, 
instead of the magnetic moments. Thus wc illustrate the GP first with the masses 
and consider later the magnetic moments (and other problems). However most of this 
section, even if referring to the masses, is intended to be a general introduction; it is 
closely related to Ref.[l] and, in part, to Ref.[26]. 

The mass Mb of a baryon B is the expectation value of the exact QCD Hamiltonian 
Hqcd in its lowest exact QCD eigenstate | in the rest system: 

M{B) = I Hqcd \ (3) 

Of course | ^s), being the exact state of a strongly interacting system of quarks and 
gluons, is a superposition of an infinite number of Fock states, starting with three 
quarks. The superposition includes four quarks and one antiquark, three quarks plus 
one gluon and so on. Schematically: 

I ^b) =1 111)+ I 1(1(111)+ I 111^ Gluons) + (4) 

where the ellipsis stands for the sum of an infinite number of additional states; the 
amplitudes that multiply each state (depending on the momenta, spins, flavors, colors 
of the intervening quarks, antiquarks and gluons) have been left understood. 

We now introduce an auxiliary Hamiltonian "H, non-relativistic, operating only in 
the ?>q sector; the operator "H (we call it the "model Hamiltonian" ) has the only purpose 
of providing a set of baryon states - to be called the model (or auxiliary) states | 
\^b) is constructed (as in the NRQM) with just three quarks and no gluon. 

We now write the exact state \ ^ s) in (4) as: 

I = ^ I ^b) (5) 

where V is some (very complicated) unitary transformation. In principle V can be 
expressed in terms of H and "H using the adiabatic construction of the bound states. 
(See the Appendix I, where the construction of V is related to the Cell Mann-Low 
adiabatic procedure and to the ?7(0, — oo) Dyson operator). Using V, the Equation (3) 
giving the mass Mb of can be rewritten: 

Mb = I V^HqcdV I (6) 

The difference between Eq.(6) and Eq.(3) is the following: In Eq.(6) the states are 
simple; the complexity of the states (4) is transferred to V. This has an advantage which 
is basic in the procedure: V"^ HqcdV is indeed a complicated operator, but since it has 
to act only on the coordinates (space, spin, flavor, color) of the three quarks present 
in the state it must be (after contraction of all the field operators) necessarily 

a function of these coordinates only. In what follows the three quarks in will 
be numbered 1,2,3. Thus, after the elimination of all the creation and destruction 
operators, V"^ HqcdV behaves as a color singlet three body operator acting on 1, 2, 3. 

In Eq.(3) Hqcd transforms -under space rotations- as a scalar and the same is true 
for V^HQcoy because V is invariant under rotations (it is expressed in terms of Hqcd 
and "H, both rotationally invariant). As to $b in Eq.(6), it depends on how we select the 
model Hamiltonian "H. By choosing "H as the simplest, most naive, most unrefined N.R. 
quark model Hamiltonian, the parametrization of | V'^HqcdV \ $_b) is considerably 
simplified. We select "H so that, for the lowest octet and decuplet baryons, the wave 
functions $b have a non relativistic space-spin structure with the following properties: 
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(1) $B is the product of a space-spin structure X(ri,r2,r3) symmetrical in ri,r2,r3, 
times a spin-flavor part Wb{1, 2, 3), times a color singlet factor (7(1, 2, 3); (2) The space 
part has orbital angular momentum L = 0; thus X = X^=o(i"i) i"2, ra). 
Altogether we have for the baryon B: 

$B = XL=oiri, r2, ra) • Wb{1, 2, 3) • C{1, 2, 3) (7) 

where C(l, 2, 3) is the color factor. 

The assumption L = and the symmetry of the space wave function imply auto- 
matically that the spin factors Wb{1, 2, 3) have the SUe structure. Omitting the color 
factor C(l, 2, 3) one has, for instance {S in Eq.(8) below means symmetric in 1, 2, 3)^: 

= (18)"^/^5'[q;i(q;2/33 - Q;3/32)«iM2C?3]; W^a++ = Q;iQ;2Q!3«i«2M3 (8) 

The Wb^s of the other 8 and 10 states are constructed similarly. 
Two remarks must be added: 

The first is on the spin functions: Because the operator V must be written in 
terms of creation and destruction operators of Dirac particles, the spinors appearing in 
Wb{1,2,3) must be four component spinors; otherwise the operation V would not be 
defined. This is achieved by completing the Pauli spinors of the model wave function 
with two zeros in the lower components. This is compatible with our non-relativistic 
choice of the model Hamiltonian In fact H operates on two-component Pauli spinors, 
but it is formally possible to extend the space of such spinors to that of four component 
spinors, provided that "H is extended without connecting the space of the upper and 
lower components and giving zero when operating on the latter (compare [1]). 

The second remark is related to the Xz,=o(i'i, i"2, rs) in the wave function. Why 
Xl=q does not carry a baryon index B, specifying the baryon we are considering? The 
answer is that we selected a flavor independent H, with the masses of the quarks u, d, s 
in T-L chosen equal, at some intermediate value between those of the u, d and s masses. 
The whole flavor breaking is assigned to the V operator; recall that V depends on 
the exact QCD Hamiltonian Hqcd] this contains the flavor breaking due to the mass 
differences between u,d,s. (We might have made a different choice, constructing the 
model Hamiltonian T-L with a flavor dependence, but we preferred to assign also this 
task to V). 

Consider now briefly the flavor dependence of Hqcd- The mass term in the QCD 
Hamiltonian is for the d, s quarks: 

j d^r m[uR{x)uR{x) + dR{x)dR{x)] + {m + Am)sR{x)sR{x) (9) 

where the index R refers to the mass renormalization point. 

In [1] we never used explicitly the values of the quark masses m (the quarks were then 
indicated as A/", A) nor a value of Am, but we had in mind m values (corresponding 
to a renormalization point around h-qcD) of the order 300 — 400 MeF for V,N and 
450 — 550 Me for A, such that Am/m = 1/3. Subsequently [26] we re-analyzed the 
results of [1] renormalizing the quark masses at the conventional q = I GeV (we used 
then u,d,s symbols for quarks, with mujirid—B: few MeV). As it appeared (and as 
it will emerge also here) the GP procedure is independent of the choice of the mass 
renormalization point. In fact in [26] we conflrmed and extended signiflcantly the 

^Of course A has an appreciable width and, therefore, is not an exact eigenstate of Hqcd but this 
is irrelevant here and will be considered later. 
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results of Ref.([l]). ^ 

Coming back to the description of the model state of a baryon in momentum space, 
we obtain (performing in Eq.(7) a Fourier transformation of ^^=0): 

p,w 

where J2p,w stays, as indicated, for the sum over all the p's and ty's. In Eq.(lO) the 
are creation operators of quarks of momentum p and spin- flavor-color index w, 

I 0) is the vacuum state in a Fock space of quarks and gluons. | $b) belongs to a given 
representation of SU^ (flavor); in it the masses of the three quarks u,d,s are taken 
equal and their values identified with their QCD values (in the unbroken flavor limit) 
at any convenient mass renormalization point. 

Because we are in the baryon rest frame, C^^ yj^ ,^^{pi,p2,P3) in Eq.(lO) contains a 

factor 5(pi + P2 + Ps)- 

We now come back to the unitary correspondence V between the model state | ^b) 
and the exact QCD state | ^'s). Recall that, for the lowest octet and decuplet baryons, 
\^b) is a simple 3 quark S state, while, of course, ^P^) (4) contains in addition all 
kinds of qq and gluon states and, moreover, it certainly has terms with a non vanishing 
orbital angular momentum L. For convenience we rewrite the Eqs.(4),(5) as: 

V\^b) =1 qqq)+ I qqqqq)+ \ qqq, Gluons) + (11) 

Obviously each state in the sum (11) has the same conserved quantum numbers as 
those of I^b)- The transformation V has the tasks: 

a) Of dressing the simple three quarks state | that is of transforming | $b) 
into an inflnite sum of states of q, q and gluons, the only restriction being that such 
states have the correct quantum numbers; 

b) Of introducing configuration mixing in L; this is not present in | $b) which, as 
stressed, is a pure L = state; 

c) Of transforming the Pauli spinor quark states in | $5) into Dirac 4-spinors. 

As already mentioned, in the Appendix I we will show how the existence of V can be 
established in field theory. Now we proceed directly to the parametrized baryon mass 
formula (and to the other properties of hadrons). Calling Mb the mass of a baryon of 
the lowest 8 or 10, we start from Eqs.(3),(6) that we recall below: 

Mb = I Hqcd I = {^B I V'HqcdV \ (12) 

The general form of the parametrization of any physical property (e.g. the baryon 
8+10 masses to be discussed now, or the magnetic moments or any other property) is 
independent of the selection of a specific \^b)- That is, independently of this selection, 
the calculated Mb is, in all cases: 

Mb = {^B I V^HqcdV I = {Wb \ parametrized mass \ Wb) (13) 



*In Ref.[l] the ratio Am/m (associated to the magnitude of flavor breaking) determined from the 

baryon masses and the baryon octet magnetic moments - was found in both cases = 0.3. In Ref. [26] 
(compare its Sect. II) Am/m = mg/m is, of course, totally different (say, in the range 8 — 25), but the 
flavor breaking parameter turned out to be ~ ms/{3AQCD) ~ 0.3, the same value obtained in Ref.[l]. 
In the present paper, for simplicity, the quark symbols will be always u, d, s (and, only if necessary, 
we will specify the mass renormalization point in the QCD Lagrangian). 
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In Eq.(13) the last term defines what we call the "parametrized mass" of B; that is, it 
displays the general parametrization of the mass of B. 

We now outline the calculation of the expectation value of V^HqcdV in the state 
I this amounts to construct explicitly the last term of Eq.(13), thus expressing the 
masses as the expectation values of a spin-flavor operator in the 3q spin-flavor functions, 
Wb- Because $b in (13) is a 3 quark state, the only part of V^HqcdV that contributes 
in Eq.(13) is its projection H in the | 3q) Fock sector: 

^ = E E I 3?) (3g I V'HqcdV I 3q') {3q' | , (14) 

3q 3q' 

where the sums in (14) are now on all possible 3-quark, no gluon Fock states. After 
normal ordering of all the creation and destruction operators in H and their contrac- 
tion with those arising from | $b) and {^b \ (see Eq.(13)), the operator H becomes 
a function of only the spin-flavor-space variables of the three quarks in thus 

parametrizing H means to construct the most general scalar operator in the space 
Tj, spin CTj's, flavor /j's and color operators of the three quarks {i = 1,2,3), keeping 
obviously only the terms with a non- vanishing expectation value in | (We iden- 

tifled already the quarks in the model states | $s) as those appearing in the QCD 
Lagrangian at the selected renormalization point in the no flavor breaking limit). Thus 
it is straightforward to contract the creation and destruction operators in V'^HqcDy 
with those in the auxiliary states | This leads to the last term of Eq.(13). After 

this contraction the projection H of the held operator V'''HqcdV in the 3-body sector 
becomes a scalar (i.e. a rotation invariant) function of the space Tj, spin CTj, flavor /j 
and color operators of the three quarks. One must write the most general expression 

of that operator. We call it H' (a different symbol must of course be used because H 

(Eq.(14)) operates in Fock space, whereas H', obtained after contraction of the field 
operators, is just a 3-body quantum mechanical operator). 

The number of independent scalar operators in the spin-flavor space of 3 quarks is 
of course finite. We use for them the symbol y^(<T, /), where the index pL specifies the 
operator to which we refer. Thus the most general operator of the space and spin-flavor 
variables is necessarily 

^' = $:i?,(r,r')i;(o-,/) (15) 

where i?ju(r, r') are operators in the coordinate space of the three quarks and: r = 

(ri,r2,r3), r' = (r'-^, r'^). In the baryon rest system the combination J^i^i does not 
intervene; only (r^ — r^) and (r^ — (1/2) (rj -|- r^)) appear [i j ^ k]. 

To calculate the masses we must calculate the expectation value of H', Eq.(15), on 
I given by Eq.(lO)^ (Recall that $b is the product of a space part Xi=o(i"i) ^2, ^s) 
with orbital angular momentum zero and a spin-flavor- (color) factor Wb{1, 2, 3) carry- 
ing the whole J). Then the mass Mb results: 

Mb = E(^i=o(r) I R^.{r,r) \ XL=o{r )){Wb \ Y^{aJ) \ Wb) (16) 

^One might ask why we do not calculate the {masses^) operating similarly with the 
{Hamiltonian^); one might do so, except that the {Hamiltonian^) is most probably non renormaliz- 
able. (Think, in ordinary quantum mechanics, of using the square of the Hamiltonian of the hydrogen 
atoms to calculate its levels!). 
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that is 



Mb = Y.^^^^^B I Y^,{(T, f) \ Wb) = {Wb \ ''parametrized mass" \ Wb) (17) 

where the coefficients /c^ are: 

A;^ = (^L=o(r) I Ri^ir, r') | Xi=o(r')) (18) 

Because the X's in Eq.(18) have L = 0, the operators R^{r,r') must be rotation in- 
variant; aiso, because H' is a scaiar, the i^(cr, /)'s in Eq.(17) must be flavor-dependent 
scalar operators constructed with the spins CTj 's of the three quarks. Eqs.(17)(18) give 
the most general form of the "parametrized masses" of the lowest baryons 8 and 10. 

To conclude, we summarize the contents of this Section: The two main QCD steps 
leading to the Eq.(19) of next Sect. 3, that will give explicitly the" parametrized mass" 
of the 8-|-10 baryons are: 1) The masses are calculated as the expectation values of 
the exact Hqcd Hamiltonian in the exact states | ^'j); 2) Such states | ^'j) are related 
by I \1'b) = I [Eq.(5)], to a set of auxiliary (model) states | <l>j). 



3. The GP baryon mass formulas. 

We now write the general expression for the "parametrized mass" of the octet and 
decuplet baryons. After integrating on the space coordinates, the "parametrized mass" 
is a function only of the spin and flavor operators of the three quarks in the model state. 
Indicating by the projector in the flavor space of the s quark (P/Sj = Sj, PfUi — 
Pfdi = 0), that is P/ = diag{0, 0, 1), one has: 

''parametrized mass" ^ Mo + Bj^P' + ' (^k) + D " ^k){Pi + Pt) 

i i>k i>k 

+E y: i<T,-<T,)p^^+aY.p:p^+bj2ia,-<T,)p:p^ 

iy^kytj i>k i>k 

i>k 

+C Y: {cTr ■ ^k)P;{P: + Pk) + dP^P^P^ (19) 
ii^ki^j 

where Mq, P, C, P, P, a, 6, c, d are coefficients (or, as we call them, parameters) . 

A few comments: Barring -at the moment- the e.m. and isospin corrections, the 
number of masses of the lowest octet and decuplet baryons is 8 and the parameters 
(Mq, P, C, D, E, a, 6, c, d) in Eq.(19) are 9; thus Eq.(19) can certainly be satisfied [in the 
expressions of the masses only {a + h) intervenes]. Also, spin scalars (<Ti x 0-2) -cr^, cannot 
contribute in Eq.(19) as shown in Eq.(26) of Ref.[l]; in fact they are absent in Eq.(19). 
Note also that (P;*)"=(P/) for any n (this imphes that the GP records automatically, 
to all orders in n. the flavor breaking contributions additive in the quarks).^ 

The parametrization (19) holds for any magnitude of the flavor breaking term Am 
(which is included to all orders), and is independent of the choice of the quark mass 

^Explicit formulas relating the 8 and 10 baryon masses to the coefficients in Eq.(19) are given in 
Sect. XII of [f] and in the Appendix B of [26]. We will transcribe them in part in the Appendix II here. 



9 



renormalization point. Finally we stress the interest of the following fact. We will see 
by fitting the masses that in the Eq.(19) the magnitude of the parameters decreases 
strongly moving to terms with increasing number of indices; this is what we call the 
hierarchy of the parameters. 

The parameters, in MeV, of Eq.(19) fitting the baryon masses, using the pole -1st 
line- (for discussions of the pole parameters see [24, 25, 26]) or the conventional -2nd 
line- values for the resonances, are: 

Mo B C D (a + b) E c d (20) 

1076 192, 45.6 ±0.3, -13.8 ±0.3, -16 ± 1.4, 5.1 ± 0.3, -1.1 ±0.7, 4±3 
1086 184, 49.2 ±0.3, -16.4 ±0.2, -7.5 ± 0.8, 2.5 ± 0.2, 3.1 ± 0.4, -5.7 ±2 

The hierarchy of the parameters is evident; the values (20) decrease rather strongly 
with increasing complexity of the accompanying spin-flavor structure, so that, neglect- 
ing c and d in Eq.(19), one obtains -see below- the mass formula Eq.(l) of Sect.l. Its 
agreement with the data (to 1/1000, Eq.(2)) confirms the smallness of c.d. 

Although the subject of the hierarchy (and the question of the correct choice of 
normalization for the coefficients in an expression like Eq.(19)) will be discussed in 
Sect. 7, a few remarks may be useful also here. 

Both C and D multiply terms of type cTj ■ cr^ but the value of D should be depressed 
with respect to that of C because the D terms includes a flavor breaking factor while 
the C term does not. In fact it is | D/C \ f« 1/3. The E term (^Egfe^^Vi • o-fc)^/) 
has a spin structure similar to that of the D term but its flavor factor has a different 
index, so that three quarks arc involved; this can be interpreted as the exchange of 
an additional gluon and produces a further reduction. Depending on the use of the 
conventional or pole values of the masses for the resonances, the additional gluon re- 
duction factor for is ~ 0.22 (conventional) or ^ 0.37 (pole). 

Another remark: Limiting to first order flavor breaking, the Eq.(19) simplifles and 
contains only 5 parameters instead of 8; thus it reduces to: 

''parametrized mass'' = M(l) = Mo + BY^iPf + C Ei>k{o-i ■ o-fc) + (21) 
DE^>k{<Ti ■ cr,){Pi + P^) +EJ:^^^{ct, ■ CT,)PJ 

With flve parameters and eight masses, we get in this approximation, three mass re- 
lations: 1) The Gell Mann-Okubo formula for the octet ; 2) The two equal spacing 
formulas of GeU Mann for the decuplet: Q - E* = H* - E* = E* - A. 

To obtain the generalized Gell Mann-Okubo formula (1) (Sect.l) [8] we consider the 
2nd order flavor breaking terms present in the general parametrization [Eq.(19)]; we 
neglect the 3-quark term with coefficient c, which is very small (see Eq.(20)); this small- 
ness is due to the hierarchy; in other words we keep only the 2nd order term (a + b). 
Because it is easy to check that the combination of masses T appearing in Eq.(l) is 
T = — (a + 6)/2, we obtain the Eq.(l) and establish that it is correct to 2nd order in 
flavor breaking (except for the neglect of c). For seeing that the result is free from 
electromagnetic corrections compare the footnote 9 of Ref . [8] . 



4. The magnetic moments of the octet bciryons to 1st order in flavor brecLk- 
ing. 
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To display other results of the GP we consider now the magnetic moments of the 
lowest octet baryons. In fact the first motivation of this work was to understand why 
the NRQM two parameters formula (// is the proton magnetic moment^ 2.793 /in)'- 

M = ^Ul'-^- l^"" - y) + (^/3) E (22) 

worked so well, as shown in fig.l (Sect.l). It is convenient, as done originally [1], to 
perform this calculation of the magnetic moment A4 in the rest frame of the baryon; 
we will use the standard formula (non covariant, but correct in the rest frame!): 

M = (l/2) J o?3r(r xj(r)) (23) 

where j(r) is the space part of the electromagnetic current jn{x) at time t = 0: 

2 1 - 1 - 1 

j^{x) = {ie)[-u{x)-f^u{x) - -d{x)^^d{x) - -s{x)-f^s{x)] = {ie)[^{x){X3 + -X8h^^'^f{x)] 

(24) 

Of course e(l/2)(A3 + ^Ag) is the charge eQ = e[|P" - iP'^ - ^P']; the Pi's are 
projectors on u, d, s. [Frequently eQi will replace eP/, the notation used in [1]]. 
The magnetic moments of the octet baryons B are ^: 

M,{B) = /x5](Xi=o(r) I i?^(r,r') | Xi=o(r'))(W^B I G,{a,f) \ Wb) (25) 

V 

Prom Eq.(25) we obtain the "parametrized magnetic moments" calling: 

= ii{XL=o{r) I P.(r, r') | Xi=o(r')) (26) 

and writing: 

M,(B) = Y^g^iWe \ G^(<t,/) | Wb) = {Wb \ ''parametr. magn. mom." \ Wb) (27) 

Here we write the GP of the magnetic moments only to first order in flavor breaking. 
(For the baryon masses the parametrization was exact to all orders in P*). Keeping 
only terms linear in P* the GP of the magnetic moments of the baryon octet, is for 
each baryon B, a linear combination of 7 terms. It is: 

M,{B) = {WB\j29u{G.)z\WB) = (VFbI E^.(G,),|VFb) (28) 

u=Q u=l 

We will explain in a moment why the two expressions in Eq.(28) - the first containing 

eight terms and the second seven - are identical. In Eq.(28) the Wb^s (= Wb(1,2,3)) 
are, of course, the same defined in Sect. 3. As to the Gjy's, they are: 

Go = Tr[QP']E^(T, G^ = Y:^Q^<T^ G2 = Q.^^V, G3 = Ei^fc QiO-fe 

G4 = J2ijtk QiPi^^ k G5 = Yji^k QkPiCr i Ge = Yji^k QiPk^ i (29) 

G7 = J2i^jjtk QiPjCTk 

^Wc use now for the magnetic moments the notation instead of - there should be no confusion 
with the masses. 
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As we will see, the coefficient go of Go is expected to be significantly smaller than 
those of the other terms; therefore here the effect of the term Gq is unimportant. 

Forgetting Qq one might then obtain the seven coefficients {gi to g-j) from the seven 
magnetic moments; but it is unnecessary to discuss now how small is ^^O) because the 
relation between the eight terms, displayed below in Eq.(30), allows to express all the 
magnetic moments of the octet baryons in terms of only 7 parameters cji , with i=l 
to 7. The sums over k in Eq.(29) extend from 1 to 3 and Qi is the quark charge. 
Although we wrote M^^B) (28) in two forms, the two coincide, due to the relation (30), 
easily verifiable (compare the proof at the end of this section). 

Go = - Jgi + ^G2 - ^Ga + ^G^ + Jgs + ^Gg + ^Gr (30) 
3 3 D 3 D D 3 

The Eq.(30) leads to the following relations between the Qi^^s in the right hand side of 
Eq.(28) and the g^y^s in the middle expression: 

^1 = fl-i - (1/3)5-0 ; 52 = 5-2 + (2/3)^0 ; 53 = 53 - (5/6)50 

54 = 54 + (5/3)5o ; 55 = 55 + (l/6)5o ; 9& = 9& + (l/6)5o (31) 

97 = 97+ (2/3)5o 

The magnetic moments of the octet baryons expressed via Eqs. (28,29) in terms of 
the 5^ 's are given by the following expressions (now the baryon symbol indicates its 
magnetic moment). 



P = 9i 
n = -(2/3)(5i-53) 
A = -(l/3)(5i- 53 + 52 - 55) 
E+ = ^1 + (l/9)(^2 - 4^4 - 4^5 + 8^6 + 8^7) 

-(l/3)(5i + 253) + (l/9)(52 - 454 + 255 - 456 - 457) ^ ^ 

(2/3)(5i - 53) + (l/9)(-452 - 254 + 455 - 856 + IO57) 
(l/3)(5i + 253) + (l/9)(-452 - 254 - 855 - 256 - 257) 
(EA) = -(l/V3)(5i- 53 + 56 - 57) 

From the first seven Eqs. one obtains 

^1 = 2.793 ; ^2 = -0.934 ; ^3 = -0.076 ; ^4 = 0.438 
^5 = 0.097 ; ^6 = -0.147 ; ^7 = 0.154 

If written with the 5;^'s rather than with the 5;^'s, using (31), the formulas (32) are 
changed all in the same way, by the addition of (— 1/3)50 to the r.h.s. of all expressions 
(e.g. n = —(1/3)50 — (2/3)(5i — 53), etc.). The last Eq. (SA) stays unchanged. From 
it one gets /i(SA) = —1.48 ± 0.04; the experimental value is —1.61 ± 0.08; errors are 
still large. 

We underline that the structure of the Gj,'s is similar to that of a NRQM, but the 
expression (28) for Mz{B) is an exact consequence of full QCD (to ffist order in flavor 
breaking). We emphasized this often [1],[26], but wc repeat it to avoid misinterpreting 
the Eqs. (28,29) as a sort of generalized NRQM. In fact the results of the GP are exact 
consequences of QCD; they include all effects of virtual qq pairs and gluons, as well as 
those of configuration mixing and the relativistic ones. 




12 



Note the relative dominance of gi and g2 (related to the p and A) in the sum in 
Eq.(28) (see the numbers in the Eq.(30)); this explains why the fit of the naive NRQM: 

M,{B) = (I^bI^i(Gi), + UG2)z\Wb) (34) 

is fairly good.^ From Eq.(33) we can now explore the details of the hierarchy (the main 
parameters, related to p and A have been already mentioned): The average value of 
the reduction factor resulting from the presence of two different indices in a sum (we 
call it sometimes also the one gluon exchange reduction factor) derived from the values 
of l^eli I^sIj 1^4! [the parameters multiplying terms with two different indices, except G3 
and G7 -see below] is 0.25, having adopted 0.33 for the flavor reduction factor derived 
from 1^2! and |^i|. We will proceed using 0.33 for both the flavor and the "one gluon 
exchange" reduction factors. The maximum discrepancy between the estimated and 
empirical values is 2.5 for the |^i/|'s with 1^ — 4,5, 6. Above we did not consider g^ for 
the reasons explained in Ref.[21]. 

The above values seem consistent, but a serious exception is l^sl ~ 0.08. This 
is much too small: One expects from the hierarchy 2.79 ■ 0.33 ~ 0.92, an order of 
magnitude larger. In Sect. 5 we will indicate a possible solution to this question. 

In extracting the hierarchy from the orders of magnitude of the (ji, 's, we neglected, 
in the equations above, the presence of go; the reason, wc repeat, is that its effect on the 
order of magnitude of the parameters discussed above is expected to be rather small. 
We will come back on this in Sect. 7 but here we give the order of magnitude of go- 

A first estimate of go is obtained from the recent measurements of the ss contribution 
to the magnetic moment of the proton. Essentially the question is: How much do the 
ss pairs inside the proton contribute to its magnetic moment? One can answer to this 
question with the GP, calculating [35] the magnetic moment of the proton to all orders 
in flavor breaking. One can thus show that the contribution of the ss to the proton 
magnetic moment is related to the value of go. One obtains \goTr[QP^]\ in the interval 
1/10 1/30. (Another determination of a Trace term -similar order of magnitude- 
will be obtained, using data from the ratio between the p — 7 and cu — j couplings in 
Sect. 12). Incidentally, these values are one order of magnitude larger than our previous 
estimates; but they are still small enough to confirm the fact that the Trace terms 
were indeed negligible when we neglected them. We add that the go given above leads 
to a very small (non measurable) contribution of the ss pairs to the proton magnetic 
moment at small values of g^. This agrees with the experiments [79] and also with a 
lattice plus chiral evaluation [80]. 

Proof of Eq. (30). Define: 

E, = Qi<r,,„ E. = (i/3)E^^X. 

and consider the expectation values of the above z components for all octet baryons. 
One can check that the equation: 

(1 + S) E, -3Q Es = (-2/3) + (5/3)Q - (2/3)5 + (4/3)Q5 

(where Q is the baryon charge and S the baryon strangeness) holds for all the octet 
baryons (compare the table I in Ref.[l],p.3004). Observe that the z component of G7 
given in Eq.(29) can be written: Gy,^ = -S{Q+{l/3)) - [3(5+2] Es +S Eg- Simplifying 
in a similar way all the other G,^'s (with u from to 6) one obtains the Eq.(30). To 

^Interrupting briefly this comparison, we recall that, as well known, [27] the SUs expression of the 

e.m current, to 1st order in flavor breaking, has just seven parameters. How does this compare with 
the results here? The point is that, as the derivation of the GP shows, each term in it has a definite 
dynamical meaning (corresponding to a certain class of Feynman diagrams) that produces a hierarchy 
of the parameters, with some parameter expected to be larger than others. Instead the dynamics plays 
no role in the SU3 treatment, that only displays (group theoretically) a list of the possible terms. 
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check this we hst the expressions of the Gi^z with i=l to 6: Gi^z = J2q'i ^^2,2 = ~J2s'i 

Gz,z — Q — ^qi G^^z — —S -\-?>^s'^ (j5,2 = — (3(5 + 1) Ssi G^^z — —S^q + ^g- 



5. The A p+7 decay, the magnetic moments of the A's and related results. 

We now apply the GP to the subjects indicated in the title. As a byproduct we 
will obtain a possible explanation of why the ratio between the proton and neutron 
magnetic moments is so near to —3/2 (that is ^3 is so small), as noted in Sect. 4. The 
contents of this section is again related to the hierarchy. Possibly it would have been 
better to discuss the hierarchy in general at this stage. We preferred to continue here 
with problems related to the magnetic moments; but one can switch now to Sect. 7 on 
the hierarchy and come back. 

For the A ^ p + 7 decay Ml transition see Ref.[33] to which we refer also for details 
on the transition form factor. (For the E2 contribution to the transition see Ref.[34]). 
The GP treatment of the Ml transition is developed in Ref. [1]; the formula of [1] to 
calculate both the diagonal magnetic moments of the A's and the transition matrix 
elements A — >■ Nucleon + 7, is Eq.(62), in Sect. 9.^ Note that Eq.(62i) is obtained 
omitting the rj term in Eq.(61i); this is possible because the 1] term just takes into 
account (Fermi- Watson theorem- compare, for this application, Ref. [28]) the effect of 
the final state interaction in the matrix element A — > nn. The omission of 77 amounts 
to analyze the data after the extraction of such effects. Moreover Eq.(62i) does not 
include a term J • Tr[QP^], negligible and not contributing to the A ^ p -|- 7 decay; 
thus we continue to ignore below the difference between the g^s and the ^'s. 

Using our present notation, the Eq.(62i) of [1] can be rewritten: 

M = ^ [aQ, + 6{Q, + g3)o-i] + [(3Q, + 'y{Q2 + Q3)]cri{a2 ■ cr,) (35) 

perm 

The sum over the perm(utations) in Eq.(35) means that to the term (123) displayed 
one has to add the terms (321) and (231); in Eq.(35) a, ^, 5, 7 are four real parameters 
(the same as those of the Eq.(62i)); an estimate of their magnitude can now be obtained 
from the hierarchy: 

\S/a\ ~ 0.33; |/3/q;| ~ \-f/a\ ~ (0.33)^ ^ 0.11 (36) 

As shown in [1] the Eq.(62i) can be rewritten (recall that Gi = J2i QiCfi) '■ 

M = (a - 5)Gi + (/3 - 7) [(1/4)(4|J|2 - 7)Gi + (l/4)Gi(4|J|2 - 7)" 

+ [5 - ^ - 27 + (1/2)7(4| J|2 - 7)\Qb ■ (2J) (37) 

The Eq.(37) can also be used to calculate to higher orders in the hierarchy [23] the 
magnetic moments p, n of proton and neutron; it gives (taking the expectation value): 

p = a-3/3-27, n = -(2/3)(a-(5-2/3 + 27) (38) 



^To avoid confusion we will call that Equation: (62i). Also we correct here again some misprints 
in the Eqs.(63, 64, 66)1. In Eq.(63i)-third line- replace, in the square brackets, 5-/3 — 27 with 5-/3; 
in Eq.(64i) 5 - /3 -h 27 should he 5 - p - Ay, in Eq.(66i) write F = 5 - /3 - 47. 
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that is: 

^i = q;-3/3-27, ^3 = 5_^_47 (39) 

One can obtain p/w^ —3/2 if 5 ~ /9 + 47; it is interesting to note that the hierarchy 
(does not -of course- prescribe, but) allows this. Indeed 5 multiplies a term with two 
indices while /3 and 7 both multiply terms with three indices. If, indeed, 5 ^ /3 + 47 (it 
appears the only possible explanation), the fact that p/n deviates so little from -(3/2) 
would be due to sheer chance. This is a case of historical interest because in 1965 the 
successful prediction [3], [2] /i(p)//i(n) = —3/2 was most important for the acceptance 
of the quark description. That prediction could not have been made if this chance 
cancellation (due to 5 ~ /3 -|- 47) had not occurred. 

We add now a few remarks on the A — )■ p -|- 7 transition and on the magnetic 
moments of the A's. Prom Eq.(37) the matrix element //(A — >■ p^) is: 

/i(A^P7) = (2/3)V2(a-(5 + /3-7) (40) 
The approximate equation just discussed 5 ~ /3 -|- 47 gives: 

//(A ^ p7) = (2/3)^^//(p)[l + 3(^ - 7)//^(p)] (41) 

If (3 and 7 have equal values and opposite signs (with 7 < as suggested by the previous 
relation (j ~ ^ -|- 47 and by the hierarchy), using \'^/a\ ^ 0.11 one gets: 

li{A ^ p7) ^ 1.7 • 2/3x/2/x(p)[l + 3(/3 - 7)//x(p)] (42) 

One more point. From the Eq.(37) one can also express in terms of a,5,/3,^ the 
magnetic moments /^(A) of the A's. It is: 

//(A^) ^{a + 2S + p + 2^)Qa = Hp) + 25 + Ap + A^]Qa (43) 

The Eq.(43) (with the estimate of S,/3,j given in Ref.[23], Sect.VI) shows that the 

magnetic moment fi^+ of the singly charged A"*" is expected to be appreciably smaller 
than fip, but the error in the estimate is still large. Note that it is quite generally 
^(A'3) = kQ + ^ with ^ very small (Ref. [14]) because ^ is the coefficient of a Trace 
term (ignored in this section), depressed due to the need of exchanging several gluons. 
Although the estimate of ^ in Ref. [14] was much too small, the ^ term remains negligible 
with respect to kQ (for Q ^ 0!). In practice the magnetic moments of the A's are 
expected to be quasi-proportional to their charges (thus fi^o ~ 0). It is most difficult 
(perhaps impossible), but it would be most interesting to have a measurement of /^ao; 
its deviation from zero would give directly the order of magnitude (for this case) of the 
coefficient of Tr{QP'). 



6. Double counting on inserting explicit pion fields in the QCD Lagrangian. 

We now digress to a problem, marginal with respect to our main line, but important 
to clarify some treatments appearing frequently in the literature. In fact any calculation 

^°Also Leinweber et al. [31] attribute to chance the smahness of the deviation of iJ,{p) / iJ,{n) from 
= —3/2, as we had (previously) noted [21]. However -though this is not relevant in our treatment- we 
do not share their claim that this conclusion is not possible in a constituent quark description. See 
Ref. [32]. 
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based on a quark-gluon Lagrangian to which pion fields are added as explicit degrees of 
freedom leads to terms duplicating those coming from the standard QCD Lagrangian. 
This can be shown by the GP; the doubly counted terms can be displayed explicitly. 

We do this for the baryon magnetic moments but the argument holds generally. It 
follows that, if some pion exchange contribution is assumed, it is impossible in any way 
to extract univocally its amount. 

In fact, one often introduces, in addition to the QCD Lagrangian, an explicit qqir 
coupling, say 7rj(g(a;)75Ajg(a:)), where q{x) is the quark field. That is, in such treatments 
(e.g. Manohar and Georgi [38], Krivoruchenko [39]) the pions appear in the Hamiltonian 
in addition to the quark and gluon fields of QCD; the same occurs phenomenologically 
in various bag models [Ref.[37]]. In such treatments Ai, A2 (or, in SU{2), r^-, Ty) should 
enter in the calculation of some hadronic properties, in particular of the magnetic 
moments. For instance, in [39] the magnetic moments of proton and neutron contain, 
due to pion exchange, the spin flavor term: 

^(<7i X ak){Ti X Tk) (44) 

But the QCD Lagrangian (on which, of course, the GP is based) contains - also including 
electromagnetism and the flavor breaking mass term - only the flavor matrices A3 and 
As. They commute and have a closed algebra. Thus from a QCD calculation, where 
pions intervene indirectly as qq aggregates, one should not get in the final result any 
Ai or A2; this seems to he in contrast with Eq.(44). 

Imagine, as an example, to calculate in pure QCD the magnetic moments, using 
Feynman diagrams. No matter how complicated is the calculation, no flavor Ai,A2 
should appear in the flnal result, because no Ai or A2 can arise from A3 and Ag. Then 
how can the result (this is the apparent "paradox") contain Tx,Ty^s, that is Ai, A2? 

Now the answer: As we will show, in contradiction with the above argument, the term 
(44) is not logically in contrast with a pure QCD calculation [the detailed treatment is 
presented in Ref. [36]]. We will show that the term (44) can indeed be present because 
it can be identically rewritten as a sum of terms not containing at all Tx,Ty. In short, 
as we will see, adding a term Hke (44) to a QCD calculation, is not forbidden. But it 
gives rise to a disturbing case of double counting. We will show in what follows that this 
double counting is unavoidable in Lagrangians containing explicitly pions in addition 
to quarks and gluons, unless a rule (that, however, would amount to have solved QCD) 
is given to subtract from QCD some definite quark-gluon diagrams. 

Let us first examine how the fact that Eq.(44) contains Ai and A2 (while only A3 
and Ag appear in QCD) is not, in principle, in contrast with QCD. 

This is fairly simple (compare, for more details, the Sect. 3 of [36]). Call PJ^ the 
Majorana exchange operator of the space coordinates of quarks i, k. Let us, for example, 
consider the magnetic moments of p,n (compare Sect. 4) and refer to their calculation, 
described by the Eq. (25) (Sect. 4). 

In a QCD calculation it is possible that the Majorana P^'^ appears in the Pj,(r,r') 
factor of Eq.(25), producing terms of the type Y^i^kQi'^iP!^ ■ We may calculate these 
terms in Eq.(25). First, let P!^ act on X^^q. Because X/,=o(ri, r2, ra) is symmetric 
in all pairs i,k, the operation P^'^ does not alter the result of the calculation of the 
parameters g^. 

Second, always in SU{2) [we will extend to SU{Z) in a moment], consider the 
operation of on the Wb{1, 2, 3) factor. Write P'J' = (1 + o-^ • <Tfc) (1 + Ti • r^) /4, and. 
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in Eq.(25), let P"^ operate on the Wb factor using the relation: 

Qi^TiP^' = E + ■ cTk)(l + Ti ■ rk)/4. (45) 

i^k i^k 

with Qi = {l/2)Tzi + 1/6. Using the identities r^i(Ti • Tfe) = Tzk — i{Ti x Tk)z and 
crzi{a-i ■ CTk) = (Jzk - i{o'i x <Tk)z, Eq.(45) becomes: 

4E<5^<J^^^f = E [(<5i + Qifc) + (V6)[(TrTifc)-l]](fr, + 0-it),-(l/2)(T,XTfc),(^^ 

i^k i^k 

(46) 

In the steps leading to (46) we omitted the terms not contributing to the expectation 
values on real function Wi (see Ref.[l],sect.V). 

Because it is J2i^k[i'''i ' ''"fc) ~ 1] (^i + (^k)z = for p, n states, using, on the left hand 
side P^'^Xl=o = we obtain the identity, for p,n: 

E('^i ^ Tk)z{cri X o-fc) = -8 E Qi^i + 4 E Qi^k = -8Gi + 4G3 (47) 

i^k i iy^k 

The above equation (47) shows that the expression J^i^^ki^i ^ (^k){Ti x t^) is already 
contained in the terms with coefficients gi and go, in the GP of the magnetic moments; 
that is the contribution from the pion term is indistinguishable and cannot be separated 
from the contributions of type Gi and G3 that already come from the quark gluon 
dynamics of QCD independently of the pion degrees of freedom. Adding (44) to Gi and 
G3 amounts to write twice the same terms (double counting). This argument is easily 
extended from SU{2) to 5*^7(3), that is from terms of type J2i^k{<^i ^ (^k){'Ti x r^) to 
those of type J2iytki^i ^ f^k)i\ x ^k) '■, obviously, if one keeps pion exchange, but excludes 
kaon exchange (as implied in Ref. [38]), one should insert the appropriate projectors, 
that is one should consider the term Yliytki^i ^ (^k){\ x Afc)(l — -P/)(l — P^)- For the 
detailed calculation consult the Ref. [36]. The result is: 

E(o-i X o-fe) {\i xXk)s{l-Pn(l- Pk) = -8G1 + 8G2 + 4G6 + 4G3 - 4G5 - 4G4 (48) 

Once more we see that pion exchange is already included in the GP of QCD; in other 
words it is conceptually impossible to disentangle the pion term from the quark-gluon 
contribution. Theories that obtain agreement with experiment using this trick are use- 
less. That is, if we do not know, a priori, the contribution of the pion exchange, we 
cannot separate it from terms due only to gluons. If we somehow assume to know the 
contribution of pion exchange, then we should be able to solve QCD so as to subtract 
from gluon exchange that part already accounted by pion exchange. But, then the in- 
troduction of pion degrees of freedom, even if quasi Goldstone [38], looks unnecessary. 

Note finally the following: The whole argument is based on the equivalence of the 
Majorana exchange operator, that can occur in a pure quark-gluon QCD, to terms typ- 
ical of pion exchange. This it is not limited to the magnetic moments; we used them 
here only as a convenient example. 

Although the above calculations, using explicitly the Majorana exchange operator, 
show directly that it is meaningless to insert in a QCD Hamiltonian a pion-quark inter- 
action, this result is, in fact, already contained in the simple argument at the beginning 
of this Section: The fact that only the flavor matrices Ag and A3 appear in the strong 
plus electromagnetic QCD Hamiltonian implies, since A8,A3 form a closed algebra, that 
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in the exact expression of any quantity derived from the QCD Hamiltonian, no other 
flavor operator can be present. That is any effective Lagrangian depending exphcitly 
on the pion field and thus on the Ai,A2 flavor matrices cannot reproduce the results 
of the original Lagrangian. This remark applies also to a statement on the Skyrmion 
model (considered by Gross -see [40]- as a step that contributed to clarify the success 
of the NRQM) and applies also, more importantly, to the effective Lagrangian writ- 
ten by Manohar and Georgi [38] to explain the NRQM with chiral quarks, treating 
the pseudoscalar lowest nonet as quasi-Goldstonc bosons and the other mesons as qq 
aggregates. A few words should be added on Ref.[38], the title of which is "Chiral 
quarks and the non relativistic quark model" . In writing a quasi-chiral Lagrangian of 
quarks and gluons plus pions, the latter seen as quasi-Goldstone bosons, the authors 
of Rcf. [38] implicitly assumed, of course, that their Lagrangian was equivalent, for the 
description of hadrons, to that of QCD. In fact their conclusion is that their effective 
Lagrangian explains the good results of the NRQM. We find this conclusion unwar- 
ranted for more than one reason. First the Authors should have been be able to prove 
the mathematical equivalence of their Lagrangian to that of QCD, at least for a set 
of low energy problems. This equivalence is often taken for granted but this is unjus- 
tified. The simultaneous presence of quarks and pions in their Lagrangian, leading to 
an unavoidable double counting in their theory, as shown above, duplicates in an un- 
controlled way contributions that arc obtained with quarks and gluons alone, creating 
serious consistency problems. We mentioned specifically this point because one often 
finds, as already stated, that the way to understand the success of the NRQM is to start 
from a quasi chiral effective Lagrangian. Of course by leaving free in the quasi chiral 
effective Lagrangian a sufficient number of appropriately chosen parameters (as done in 
Ref.[39]) it is possible that some combination of them can be related to the parameters 
appearing in the GP. But, quite generally, our conclusion [36] is that a Lagrangian with 
explicit pions cannot reproduce QCD. 



7. The hiercirchy of the pcirameters. 

In Sections 3,4,5 we exemplified (for the baryon masses and magnetic moments) 
how the data indicate a "hierarchy" of the GP parameters. At this stage, before 
examining other cases, we should give explicitly the rules for writing the expressions 
of the various quantities (masses, magnetic moments, etc.) so that the parameters are 
defined uniquely. To exemplify, if some term in the parametrization (symmetric in the 
indices i,k) is written as J2i.kFi,k, or if the same term is rewritten as Ylfk^ Fi,k, the 
number of addenda differs by a factor 2 and the value of the parameter multiplying 
this term changes accordingly. 

The masses of 8 + 10 provide again an example to establish the rules. We show this 
here, rewriting, for convenience, the Eq.(19) of Sect. 3 for the 8-1-10 baryon masses: 

''parametrized mass" ^ Mq + BJ2 Pi + Cj^i^i ' ^k) + Dj2((^i ■ <^k){Pi + Pk) 

i i>k i>k 

+E y: ■<Tk)pj+aY: p:p^ + & e(^^ • <^k)p:p: 

i^ky^j i>k i>k 

+c E {a, ■ <Tk)P;{P: + P^) + dP^P^Pi 

ii^ki^j 
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In Eq.(19) -reproduced above- all sums are written so that each different addendum 
in a sum appears once and only once. For instance the E term is explicitly 

■ CT2)P^ + ■ CT,)P^ + (tT3 " (T2)Pl] (49) 

The hierarchy becomes apparent if one looks at the experimental values of the coef- 
ficients in Eq.(19); these were given (in MeV) in Eq.(20) using, for the (wide) decouplet 
resonances, both the pole and the conventional mass values. We saw that the magni- 
tude of the coefficients, that is of the parameters, decreases with increasing number of 
indices in a term (we often say "with increasing complexity" ) . 

Quantitatively things go as follows: Each flavor breaking factor in a sum (rep- 
resenting a term in the parametrization) introduces a reduction factor ~ 0.3 (compare 
e.g. the ratio D/C). In addition to this factor -related to flavor breaking- another 
reduction factor arises from the number of the different indices in the same sum. Each 
different pair of indices or, as we call it, each "gluon exchange" pair of indices, intro- 
duces a reduction factor 0.37. The total reduction factor associated to a term is the 
product of the flavor and gluon exchange reduction factors. The numerical values of 
the reduction factors given above are those [26] obtained using for the masses of the 
resonances their pole values. Using the "conventional" masses gives somewhat different 
reduction factors: the above 0.3 (and 0.37) become (in the order) 0.33 and 0.22. 

As to the parameters multiplying the terms proportional to a Trace (these Trace 
terms are absent in the mass formulas and - to 1st order flavor breaking - they are 
unimportant for the magnetic moments), their order of magnitude is generally much 
smaller than the previous ones; we will consider it in the last part of this Section. 

In what follows it is useful to describe the hierarchy in fleld theoretical terms, that is 
to establish the correspondence between the General Parametrization and a Feynman 
diagrams description (compare the Appendix I for a detailed treatment). 

Consider the fleld theoretical calculation of the expectation value of some fleld op- 
erator, call it VL (expressed of course in terms of quark and gluon flelds) in some exact 
state I \1') of the exact QCD Hamiltonian. In the GP this calculation of Vtav amounts 
to that of the expectation value of an effective operator on the model state $: 

= I O I = I V^QV I $) = ($ I n I $) (50) 

Because V can be related to the U operator of Dyson, it can be shown that Vlav 
is flnally expressed in terms of Feynman diagrams (Appendix I, Eq.l58 -note, in the 
example of Eq.l58 VLav is in fact M.av)'- 

= ($ I T [O(0)[/(+oo I -oo)] I $)c (51) 

where C means that only "connected" Feynman diagrams are involved. Glearly, because 
I $) is a 3-quark state, all diagrams intervening in the calculation of VLav (Eq.(50)) have 
three quark Hues entering and three outgoing. For instance for the lowest 8-1-10 
baryons $ has been chosen as the product of a space factor L = state times a 
spin-flavor factor; thus Vtavi after integration on the space coordinates, becomes, as 
exemplifled on parametrizing the baryon masses and magnetic moments, a combination 
of spin-flavor structures. The situation is illustrated graphically in Fig. 2. In Fig. 2 - 
that refers to the baryon masses - the part (a) corresponds to terms of type X^j, the 
part P to terms of type Z^j^fc , and the part 7 implies ^i^k^j- The coefficients that 
multiply terms Y^i^k imply at least the exchange of one gluon; those multiplying terms 
J2ij^kj^j need the exchange of at least two gluons. The coefficients of the part a of Fig. 2 
include all diagrams without gluon exchange, but may receive a contribution also from 
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Figure 2: (a) The class of connected Feynman diagrams giving rise to zero or one- index terms 
in the spin-flavor space. The diagrams in this class include; all diagrams without gluon exchange 
between different boxes. However in (a) diagrams may be present in wich gluon exchange is present 
between boxes without producing factors (cr^ • <t/j) or P/P^. {(i) The class of connected Feynman 
diagrams corresponding to two-index terms in the spin-flavor space. The diagrams in this class imply 
the exchange of at least one gluon, but may include diagrams with more than one-gluon exchange 
not producing spin-flavor factors with three indices. (7) The class of connected Feynman diagrams 
corresponding to terms with three indices in the spin-flavor space. These diagrams imply the exchange 
of at least two gluons. The boxes in (a), (/3), (7) describe the effect of the transformation V on the 
three quarks in |$b)- 
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diagrams exchanging gluons without producing factors CTj ■ (t^ or P^Pk- On this basis 
one can hst how the diagrams of the portions a or ^ or 7 of Fig. 2 contribute to the the 
various parameters in the baryon mass formula: 




c = Cp + a 

D = Dii + D. 
b = bp + bj, 



7 



E 



c = a 



E, 



-7) 



'7 



(no P') 
(1 P^) 
(2 P') 



(3 P^) (52) 



Note, for illustration, that d, c and E appear only with the suffix 7; this means 
that they imply at least the exchange of 2 gluons; C,D,a,b arc related to at least 
one gluon exchange; Mq, B do not show signs of gluon exchange (but may contain, of 
course, contributions from one or more gluon exchanges in a spin independent way). 
Finally, because Mq is the spin-flavor independent part of the mass, it can be inter- 
preted roughly as the sum of the masses of the constituent non strange quarks in a p 
or n and leads (with some assumptions) to an estimate for the value of the masses of 
constituent quarks. 

However, before discussing constituent quarks, we recall that (see Sect. 2), we ana- 
lyzed in Ref. [26] the dependence of the GP from the quark mass renormalization point; 
there the GP was expressed in terms of light "current quarks" u, d, s with the conven- 
tional choice of their mass renormalization point {q ~ IGeV); to have shown, as in 
[26], that the GP can be formulated in this conventional QCD frame, is necessary for 
its consistency. 

However, although the conventional choice of the quark masses is necessary for the 
high energy perturbative QCD, the results of the GP on the low energy properties of 
hadrons can be obtained both with this conventional choice or with different selections, 
say with masses of the order = M{V,X) ^ 300 MeV and M, = M(A),^ 500 MeV- 
corresponding to a different mass renormalization point. (Such quarks may be called 
"constituents" ; their usefulness in the treatment of the low energy hadronic properties 
results from the fig. 2 plus the hierarchy) 

Indeed the hierarchy favors terms with few indices; therefore diagrams of type a in 
Fig.2 play a significant role. This role should be experimentally detectable, in the sense 
that the cases in which, say a proton, is in the form of three constituent quarks may 
be a measurable fraction of the total. Experiments to see this may be difficult, but, as 
discussed in [47] or [48] should be interesting. 

It is clear that each "box" in Fig.2, when explored on a fine grain basis (that is, 
analyzed in terms of the conventional "light" u,d, s quarks), contains all possible light 
quark-antiquark pairs -that is, quark loops- as well as gluons. In other words the Fig.2 
describes the effect of the transformation V on the three quarks (for a baryon) in 
Inside each box a quark line may zigzag as much as it likes - compatibly with QCD!- 
due to emission and reabsorption of gluons; also each box contains quark loops and 
gluon lines connected in all possible ways consistent the rules of QCD. 

We now consider the determination of the parameters in the Eq.(19) giving the 
parametrized mass formula. We will do this in the constituent quark description, re- 
calling that such description started with the "naive" quark model (Ref. [2]), where 
the analogy of a hadron to a nucleus composed of dressed nucleons was explicitly 

'^-'^In 1974 a paper by Mclosh appeared [29] with the title: "Quarks: current and constituents" This 
paper, written at a time when current algebra was the basic description, can be confusing on the notion 
of constituent quarks. I mention it here only for this reason and refer to [30] for more comments. 
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introduced; this description was later resurrected in Ref.[13], where a Fermi-Breit ap- 
proximation of QCD was introduced. 

Here, to exemplify how the values (Eq.(20)) of the GP baryon mass parameters can 
be determined, we will use the constituent treatment as in Ref.[21]. 

Consider first the ratio of the coefficients D and C in the mass parametrization 
Eq.(19); this ratio gives the magnitude of the reduction factor related to IP* flavor 
breaking. It is: 

' ' " (> 1 gluon exch. \ OP*) " ^''^ ^^'^^ 

To obtain the reduction factor due to flavor, we start considering the ratio \D/C\] 
a similar procedure can be used for the parameter c. The treatment of D/C is given 
in Ref.[21] after Eq.(6). It starts from the question: Why does the above ratio (53), 
which is a measure of Am/m, where m is, here, the mass of a "constituent" quark in 
a nucleon and (m + Am) the same quantity for the "strange constituent quark" , give 
the correct value of the reduction factor due to flavor? We might have written equally 
well the term D J2i>k{^i ' ^k){Pi + Pk) Eq.(19) as 2D Yji>k{^i ' <^k)Pi because only 
its expectation value on a symmetric wave function is relevant. Why then we used 
D/C rather than 2D /CI The rule adopted in writing the sums in Eq.(19) implies 
the first choice (and of course a uniform criterion must be adopted). Still, in view of 
the importance of this point, a direct check is appropriate. For this we compared our 
GP result with the explicit results of De Rujula, Georgi and Glashow [13]. Note that 
besides the comparison with Rcf. [13], the analysis in [26] confirms the above treatment. 
In Ref. [21] we also evaluated (using the conventional values of the baryon masses) the 
ratio \ E/D \ that gives the reduction factor due to one gluon exchange, obtaining 
\ E/D \— 0.22. The same quantity calculated using the pole values of the masses is: 

{> 2 qluon exch.llP") . 

We now come back to the hierarchy for the magnetic moments (Sect.4). Using the 
symbols of Eqs.(33) we can write: 

= i^^9luonexch]lP^) ^ 934/2.793! ^ 0.33 (55) 
gluon exch.\lP') ^ ' ^ ^ ' 

Thus the reduction factors for flavor breaking from the analysis of the masses and from 
that of the magnetic moments are the same (0.3 to 0.33). 

The Trace terms. Finally we consider the terms of type goTr{QP'^); these terms 
-absent in the baryon mass parametrization- play a role in the GP of many quantities, 
e.g., in the magnetic moments of the octet and the decuplet baryons. In Ref.[l] these 
Trace terms were ignored -incorrectly- for the magnetic moments of the octet baryons; 
but then (as shown in detail in Sect. 4) they can be combined with the other terms so 
that, in fact, no error was made to first order in fiavor breaking, which was the case 
considered in Ref.[l]. 

What is the meaning and order of magnitude of the Trace terms? 

A) Meaning - Looking at the GP in terms of Feynman diagrams a Trace term 
corresponds to a closed quark loop. There may be, as already stated, a large number 
of quark loops inside each box in fig. 2; but it is not to such loops -in which only gluons 
attach to the loop- that we refer here. We refer to quark loops where an external 
photon or some other external particle (say a Z meson for weak interactions) attaches 
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to a vertex in the loop quark circuit. For the magnetic moments one has to do with a 
photon (the external magnetic field). These Trace terms, that imply the presence of an 
external field, are not present in Fig. 2 that refers to the baryon masses and should be 
completed in the presence of external fields (for instance, just having a photon attached 
to one of the boxes). A case of loop with a photon at a vertex will be considered in 
Sect. 12 (compare there the Fig. 3). These quark loops are represented by Trace terms. 

// a photon vertex is on the loop we meet, in circling the loop, the photon vertex 
plus, at least, three gluons vertices. The reason for the above "three" is that one gluon 
is forbidden by color ("forbidden" means that the loop gives zero) and two gluons (+ 
a photon) is forbidden by the Furry theorem, so that three gluons are the minimum 
number that can be present. 

B) Order of magnitude - A general estimate is not easy, but the circumstance that 
such a loop is connected to the rest of the diagram by at least three gluons suggests, 
due to the hierarchy, that its contribution should be comparatively small. One may 
expect a reduction factor of the order (0.33)^ ■ (1/3) ■ 3 ~ 3.6 ■ 10~^, where the (1/3) 
appearing in the product is the value of Tr{QP^) and the 3 stays for Nc- (This rough 
estimate disregards the permutations between the gluons from the loop). An order of 
magnitude (consistent with the above estimate) of the loop reduction factor derived 
from specific cases was given near to the end of Sect. 3. 



8. The pcirametrization of the masses of the lowest Ps and V meson nonets. 

We apply now the GP to the lowest nonets of Pseudoscalar and Vector mesons 
(compare Rcf.[17]). As we will see, the GP leads to formulas that look very similar to 
those of the NRQM, although now the description is fully rclativistic. We will proceed 
as for baryons, beginning with the model states for mesons. Because the model Hamil- 
tonian for the mesons, H (mesons) (written simply "H below in this Section), is assumed 
to conserve the orbital angular momentum and to be spin and fiavor independent, the 
model states of the Ps and V nonets are degenerate states of % (Mq is the same for all 
i in Eq.(56)): 

% I $i) I no gluons) — Mq \ $j) | no gluons) {i — n,r],r]' , K; p,uj,^, K*) (56) 

In Eq.(56) | $i) is a state of a meson at rest with L = and Mg is the common 
value of the masses of the 18 model states of the 0~ and 1~ lowest mesons. From now 
on we omit the factor | no gluons) in (56). Because the model Hamiltonian H is spin 
and flavor independent, the wave function $j of a meson has the form: 



where Sc is the color singlet factor for a meson (that we will not write in what follows, 
unless necessary), Wi is the qq spin-flavor wave function of the i-th meson and (p{r) is 
a function of the relative distance r of the quark and antiquark. 

Operating as we did for baryons, we deflne a unitary transformation V acting on the 
above meson model states and transforming them into the exact states (to be indicated 
I ipi)). Recall, once more, that (as for baryons. Sect. 2) the model states are chosen as 
simple as possible; all the "comphcations" are hidden in the operator V: 



Again our aim will be to parametrize the results. As done for baryons, V is constructed 
in terms of the exact QGD Hamiltonian Hqcd] the problem of quark mass renormaliza- 
tion is similar to that considered in Sect. 2 for baryons. Because the QGD hamiltonian 



(57) 



(58) 
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is the same, the flavor breaking parameter is decently small and can be treated pertur- 
batively (as for baryons). 

In the above notation the mass of the i-th meson is: 

= (V'i I // I A) = {^i I V^HV I ^i) (59) 

Because the $i's are, by construction, two body states (one quark-one antiquark), 

only the projection H of the operator V^HV in the subspace of these two body states 
intervenes in the calculation of (59): 

^ ^ ^ I Ig, lq){lq, Iq \ V^HV \ Ig', 1?' I (60) 

The above statement, that the only part of V'^HV intervening in the calculation of 
Afj (Eq.(59)) is the two body part iJ, is trivial but essential; in fact calculating the 
expectation value of the field operator V^HV in the state | becomes equivalent to 

calculate the expectation value of a certain quantum mechanical two-body operator H 
on the wave function $j in ordinary non relativistic two-body quantum mechanics: 

M, = ($, I ^ I $,) (61) 

The most general parametrization of the meson masses amounts then to write in ordi- 
nary non relativistic two body quantum mechanics the most general operator H of the 
relative coordinates and momentum r, p, of the spins cri,cr2 (l=quark, 2=antiquark) 
and of the flavor operators / (sec below) invariant with respect to translations and 
rotations. It follows from Eq.(61) that this most general operator has necessarily the 
form: 

^ = $:i?.(r,p)G.(fT,/) (62) 

V 

where the G^'s (that of course have nothing to do with the same (boldface) symbols 
used treating the baryon magnetic moments in Sect.4 ) is a set of independent operators 
(specifled by the index u) constructed in terms of (Ti, (t^ and the flavor operators / of 
the quark and the antiquark; Riy(r,p) are operators (of which it is not necessary to 
know the expression) constructed in terms of the relative coordinate and momentum r 
and p of the quark and the antiquark pair in the model state. 

Calculating the expectation values of H (62) on the various mesons i, their masses 
Mi can be written: 

Mi^Y.9-'^^i\GA<^.^)W^) (63) 

V 

where gy stays for: 

5, = (<^(r) |i?,(r,p) I vp(r)) (64) 

(/9(r) being the space dependent factor of $j in Eq.(57). 

Because the model Hamiltonian "H was chosen to be independent from the flavor 
and from J, the space wave function (^(r) in Eq.(64) is independent of the meson index 
i; the same is true for the coefficients g^ in Eqs.(63, 64). Therefore Eq.(63) leads to 
the mass operator M (65) (of which, to get the masses, one must take the expectation 
value on the spin-flavor factor Wi of the wave function) : 

M^J29uGy{(Tj) (65) 
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Note that this is a general result; part of its interest (as for the analogous expression for 
baryons, Eq.(17)) is its simplicity (and the fact that it appears in a notation directly 
related to the NRQM). 

Listing the possible Gy in Eq.(65) means to find their possible spin and fiavor 
dependence. Ignoring, for the moment, the electromagnetic interactions, the only A 
matrix that intervenes is Ag, that appears in the flavor breaking part of the Hamiltonian. 
Instead of As we consider the projection operator = |(1 — Ag) that gives zero 
when applied io u or d quarks (or antiquarks) and is 1 when applied the s quark (or 
antiquark). For a system of one quark and one antiquark, and if the isospin I of the 
state is 7^ the list of flavor operators is: 

1, p| (66) 

In (66) and in what follows the index 1 will refer to the quark and the index 2 to the 
antiquark. 

For the mesons with / = the list above (66) is however incomplete. Indeed the 
flavor operators in Eq.(66) connect only a to a qq of the same type, e.g. a uu with 
a uu, or dd with a dd, or a u's with a us and so on. The sum in Eq.(65), however, 
include, for mesons with isospin / = 0, also matrix elements of H that connect a uu 
state with a dd] or a ss with a {uu+dd) state. A gluon exchange in QCD may produce 
these processes. Thus, for / = 0, there are other flavor operators possible in addition 
to those hsted in (66). To write them we flrst introduce the 7 = flavor states: 

\ z) =\ uu + dd + ss) , I =1 ^'^) (67) 

Note that | z) given above is not normalized to 1 (differently from the other states); to 

normalize to 1, we must be multiply it by l/\/3. Here we leave it in the above form, 
keeping in mind this point. 

Taking into account the expressions (67) we must add to the list (66) the operators: 

(a) \z){z\ ; ib) \z){w\ + \w){z\ ; (c) \w){w\=P^P^ (68) 
As to the cr dependence of the G^{(7, /) only the following expressions (69) are possible: 

1, o-i • 0-2 (69) 

We can now discuss the parametrization of the meson masses. We begin with the 

(lowest mass) mesons with / 7^ 0, (vr, K; p, K*). The flavor breaking parts of G^{cr, /) 
can contain only Pf and P2- The charge conjugation invariance of the Hamiltonian 
imphes that the G^^s must be invariant for the exchange of 1 and 2; thus the possible 
Gjy's are 1, cr^ ■ (T2, Pi + P2, fi ■ <^2{Pi + -^2*)- Therefore the most general expression 
of the mass of a meson with / 7^ correct to all orders in flavor breaking is: 

Mi^o ^A + B(Ti-(T2 + C{Pl + P|) + D(Ti ■ 0-2 (A' + ^2) (70) 

where A,B,C,D are four real coefficients. Because <Ti • cr2 = —3 for J = and 
(Ti - (T2 — +1 for J —1, the masses (indicated by the meson symbols) are: 

7r = ^-3S (= 138), X = A-3S + C-3D (= 495) 

p^A + B (= 770), X*=^ + 5 + C + D(= 894) (71) 
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where the values given in MeV are approximate values averaged over the charges. 
The Eqs.(71) imply (in MeV): 

A = 612, B = 158, C = 182, D = -58 (72) 

We now consider the mesons with 1 = 0. Their most general mass formula is 
obtained adding to (70) with A, B, C, D just determined, another part obtained multi- 
plying the flavor operators (68) with the spin operators (69). We have: 

Mj=o = A + B(Ti-(T2 + C{Pl + Pi) + L><ri • 0-2(^1* + P|) 

+(£; + Fo-i • (T2) \z){z\ +{H + GcTi ■(T2){\z){w\^\ w){z |) 

+{N + Tai-(T2)P!Pi (73) 

The Eq.(73) contains A,B,C,D (determined [Eq.(72)] from n,K,p,K*) and six 
additional parameters E, F, H, G, N, T. These might be determined from the masses of 
r),r] ,uj,4> + two mixing angles (the vector 9v, and pseudoscalar 9p), if these angles were 
known. Alternatively one can limit to the first-order flavor-breaking approximation, 
that is disregard the last term in Eq. (73) (this means that the N.T terms, of 2nd-order 
in flavor breaking -proportional to PiP^- are disregarded; that is we set: N = 0,T = 0). 
In this 1st order flavor breaking approximation the masses of rj, rj', ou, 4> fix E, F, G, H; 
then one can determine, to 1st order in flavor-breaking, the mixing angles. 

Here we will first [17] consider the Pseudoscalar P mesons rj,!]'; for them in Eq.(73) 
(Ti ■ (T2 = —3. Introducing the abbreviations: 

b = A-3B{=138MeV), d = G - 3D {= 357MeV), f = E - 3F, g = H ~ 3G 

(74) 

where b and d are known from (72), the Eq.(73) for the P mesons with / = takes the 
form: 

Mi=o{P) = b + d{Pl + Pi) + f\z){z\ +^(| z){w\ + \ w){z I) + 0{Am/m)^ (75) 

To determine the masses of 7r^,r],r]' correct to Ist-order in flavor-breaking we must 
diagonalize the Equation 

(b + f-M f f + g \ 

f b + f-M f + g Uo (76) 

V f + 9 f + 9 b + 2d + f + 2g-M J 

One solution of Eq.(76) is the vr" mass; we get, of course for it: 7r° = 6 = A — SB; the 
masses of r] and rj' are the two roots of: 

^b + 2f-M){b + 2d + f + 2g-M)-2{f + g)'' = (77) 

The solutions of Eq.(77) are M = b + k±{k'^ + 2g'^ -Afd)^/"^ where 2k = {3f + 2d + 2g). 
Equating the two solutions to the masses of ?7(547) and 77'(958) we obtain rj' + rj = 

^^We use here the same symbols of Ref.[17]; in Ref.[26], Eq.(28) C and B were -unfortunately- 
interchanged: C there is our (B) here and viceversa. 

^^In an arXiv paper [19] L.Durand, while stating that the matrix (76) below was the most general 
form, added that it did not contain the physical identification of the various contributions. At a 
question of G.M. on the meaning of this, he answered that the last statement certainly needed a 
clarification- if that arXiv paper was published, which was uncertain. 
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26 + 3/ + 2d + 3^ and (r/' - ri)/2 = [2g^ - Afd + ^(3/ + 2d + 2gf\^l'^ where h and d 
have the value given in Eq.(74). Solving for g and / we obtain two possible solutions 
{g;f)i and {g;f)2- Expressed in MeV, they are: 

{g; /)i = (-133, +261), {g; f)^ = (-343, +400) (78) 

The ratio {g/ f^/S) between the coefficient gy/S of the (normalized) flavor-breaking term 
and the coefficient 3/ of the (normalized) unitary singlet term is substantially smaller 
for the solution A'^.l than for the solution N.2. Thus we must choose the solution 
N. 1 (in order to be consistent with the assumption of neglecting terms of order higher 
than the first in (Am/m)). On choosing {g; f)i it is straightforward to check that the 

diagonalization of (77) implies [in addition to 7r° = {l/y/2)(uu — dd)]: 

Tj = 0.603{uu + dd) - 0.522 ss, rj' = 0.367{uu + dd) + 0.854 ss (79) 

With the usual definition r] = rji sin 9p + rj8 cos 9p and r]' = rji cos 9p — rjs sin where 
rji — {l/y/3){uu + dd + ss) and rjs — {1/ VGi){uu + dd — 2ss), we obtain from Eqs.(79): 

sin 9p ~ -0.39 (that is, 9p ~ -23°) (80) 

This value can be compared with 9p ~ —20° and 9p ~ ±24° obtained respectively in 
Refs.[65],[66]. 

We refer here to the part B of Sect.V of [17] for a discussion (in our opinion now 
totally obsolete) on the values of the above angle obtained using, instead of the Hamil- 
tonian, its square or other powers. The discussion is obsolete for the reason already 
stated (Sect. 2, footnote 4), that the square of the QCD Hamiltonian is, almost certainly, 
a non renormalizable operator. It is obvious, from the previous derivation of 9p, that 
the value given above (—23°) is that obtained from QCD neglecting terms of second 
order in flavour breaking. 

Other work comparable to our results described above is that in Ref. [13] and in 
Ref. [18], the latter closely related to the NRQM. As to Ref. [13], if we identify our / 
with the (3 in the mass-matrix of [13] and include the Ist-order flavor breaking correc- 
tion g (that should have been included in the work of [13]-compare the end of Sect.V 
in Ref. [17], our mass matrix and that of Ref. [13] coincide. Also our results coincide 
with those of [18]. Here, aside from other minor points, there seems to be a numerical 
mistake in the Eqs.(5) and (5a) of [18] for the rj and f]', but, after its correction, the 
result coincides (again compare for the details the footnote ^ of [17]). 

More interesting, is the following remark. We have seen that the pion mass is: 

n^A-SB (81) 

with A = 612, B = 158. These values -that refer to / 7^ mesons- are exact QCD 
values (there is no higher order correction omitted). The smallness of the pion mass, 
TT = A — 3B might be just an accident depending critically on the values of the param- 
eters A and B in Eq.(72), with B multiplied by (—3) in Eq.(71). Assume, for instance, 
that B had a value 100 Mel^ instead of 158 Mel^ (Eq.(72)). Then, if A maintains its 
value 612 MeV, the pion would have a mass of 312 MeV, no longer so small (the p 
would then have mass 712 MeV"). 

In QCD a reduction of B by the above amount ~ 40% could arise from an even 
smaller percentage change of ag, the quark-gluon coupling. Thus we do not attribute 
a profound meaning to the smallness of the pion mass. We differ substantially on 
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this from the standard point of view in chiral QCD, where the pion is seen as a quasi- 
Goldstone boson, getting its mass from exphcit breaking of chiral symmetry due to the 
small u, d masses. This remark does not question at all, obviously, the phenomeno- 
logical treatments and results related to PCAC (partial conservation of axial-vector 
current), insofar as they simply take note of the empirical value of the pion mass. 

We now come back to the Vector mesons V with / = 0; their discussion is similar 
to that of the Ps mesons; one has to put in Eq.(70) cti ■ cr2 = +1 (instead of —3) and 
therefore one replaces in the previous treatment of the Ps mesons A — 3B with A + B; 
C-3D with C + D; E-3F with E + F; H - 3G with H + G. As is well known, the 
parametrization with A, B, C, D alone is almost sufficient for the / = Vector mesons; 
this means that in the Equation that replaces (74) £■ + F fa and H + G fa 0. (Prom 
this follows that, for instance, the value of the rate $ — >■ 7r°7 is s very small; we will 
come back to this in the next Section.) 

A few comments on the relation of the above results with those of the NRQM. To 
conclude this section we come back to the question raised at the start: Why does the 
NRQM work so well? The following remarks, that conclude Ref.[17], provide a sum- 
mary of the answer; of course, for more details, the whole Ref.[17] should be consulted. 

(1) Almost all the features of the mass formulas for the lowest meson nonets cur- 
rently used in a NRQM description are general consequences of the GP; they are similar 
to those of the NRQM, but they do do not depend on it; the only exception is the 
{mim2)~^ multiplying factor of the (Ji ■ (J2 term in the De Rujula ct al. expression 
[13] for the meson masses, a result that depends specifically on the one gluon exchange 
potential. Stated differently, the meson mass formulas used in the NRQM are more 
general than one might have thought. In this respect the situation for the meson masses 
is quite different, for instance, from that found for the baryon magnetic moments. We 
recall that the GP expression for the magnetic moments, correct to first order in flavor 
breaking, had seven parameters whereas the fairly successful parametrization of the 
NRQM had only two. 

(2) The procedure developed above to derive the meson mass formulas clarifles the 
old question of the mixing angle for the / = meson nonets. The mixing angle (say 
9p) can be determined from the GP (that is in a model independent way) knowing 
the masses of the P mesons provided terms of order higher than the flrst in the flavor 
breaking expansion parameter are negligible and are neglected. According to this pro- 
cedure the linear angle is much more natural than the quadratic or square-root ones; 
it is the angle resulting from a QCD calculation on expanding the exact result in series 
of (Am/m) and neglecting terms of order higher than the flrst. 



9. The radiative V — > P -I- 7 meson decays. 

An early (1965) test of the NRQM consisted in comparing with the data the calcu- 
lated [4] radiative decays of Vector mesons; the evaluation of these (Af 1) 7 transitions 
was possible in 1965 because the magnetic moments of the V and N quarks had been 
deduced [2] from those of the proton and neutron. We list below many Ml transitions 
of interest, though only a few were measured in those years and the magnetic moment 
of the A quark was still unknown: 

(1) cu ^ 7r° + 7, (2) cj ^ + 7, (3) p ^ tt + 7, (4) p° ^ r/ + 7, 

(5) K*+ ^ + 7, (6) ^ + 7, (7) p'^^r)' + 7, (8) uj^r)' + j, 
(9)0^77 + 7, (10) 0^77' + 7, (ll)0^7r° + 7 

The u! — > 7r°7 transition had been measured reasonably well. The NRQM cal- 
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culation reproduced it and gave the orders of magnitude of the others not too far from 
reahty. Ref.[4] (compare also [6, 7]) contains a hst of the transitions calculated at that 
time. 

Because these transitions need in fact a full QCD calculation, one can apply the GP 
also to this problem. The formalism is developed in Ref. [20] (General parametrization 
of the V -> P'-f meson decays), that contains a full description of the procedure. Here 
we only summarize some of the main results. It will appear that the hierarchy is useful 
also here; and, once more, this explains why the NRQM works. 

To clarify this statement, before giving the details, consider the ratio 
r(a; 7r°7)/r(p — )■ ir^'-f); the GP predicts this to be 9 (to all orders in flavor breaking) 
plus the contributions from processes where the initial qq state co transforms into 3 
gluons and then gives rise to the final state. The hierarchy, of course, implies that such 
contribution should be a minor one and, in fact, it is not visible (at the level ±15%, 
the experimental error). Other processes and, in particular, tt^^, lead to the same 
conclusion. In general, if the 3-gluon diagrams are negligible, the important terms in 
the GP calculation of the V ^ tij decays (that being an exact QCD calculation, in- 
cludes automatically the configuration mixing and all the complexities of the Fock qq, 
gluon expansion of the hadron states) reproduce in practice the result of the NRQM. 

We now give a short summary of the procedure; that is we will give the main steps 
of the GP for a transition of type Ai — > Bj + j where Ai is a vector meson (e.g. 

p, CO, 0, K*'^, K*"^), and Bj is a pseudoscalar meson (e.g vr, r], r]', K^, K^, K^)- 
The matrix element for the transition A^ Bj + 'j in the rest frame of A^ is: 

Mji = , ^ [ dt exp {-ikt){Bj(P)\ [ dh exp (ik • r)j(r, t)|A(0)) • e (82) 

where j(r,t) is the quark e.m. current and e, k and k are the photon polarization, 
momentum and energy; \Bj{P)) are respectively the true states of the pseudoscalar 
meson with momentum P and of the vector meson at rest (the index i will always refer 
to the V mesons and j to the P mesons); Ej{P) is the energy of the P meson (until 

further notice V is assumed to be heavier than P); [2Ej(P)]^^^'^ is required by Lorentz 
invariance, if, as we do, we normalize both \Bj{P)) and |A(0)) to one meson per unit 
volume in the rest system of A^. 

On expressing the exact states \Bj(P)) and |Aj(0)) (each of which, being an exact 
state, is a superposition of an infinite number of Fock states with q, q and gluons) as 
\Bj{P)) = V\^Bj(P)) and |Aj(0)) = V\^Ai{0)) where V is the unitary transformation 
already introduced repeatedly (transforming in this case the (Ig, 1^) model states $ 
into the exact states), the Eq.(82) becomes: 

Mji = . ^ I dt exp(-iA;t)($B,(P)|F^ / dh exp (ik • r)j(r, i)F|$^,(0)) • e 

^2k ■ 2Ej{P) J J 

(83) 

In Eq.(83) it is: 

j(r, t) = exp [i{Ht - G ■ r)] j(0) exp [-i{Ht - G ■ r)] (84) 

where G is the momentum operator. 

Recall that G commutes with V, whereas, of course, H does not; this corresponds 
to the fact that the momentum (but not the energy) of the model state must be equal 
to the momentum of the exact state. For the exact Hamiltonian H one has: 

H\B,{P)) = [P' + M'{B,)f'\B,{P)), H \A{0)) = M(A)|A(0)) (85) 



29 



We repeat that the index i will always refer to a Vector meson (in this case Ai (at rest) 



-mass Mi- and the index j to a P meson (Bj), in this case with energy y P| + M| ). 
Inserting Eqs.(83)(84) in Eq.(82) we get: 

Mji = , I {2n')5('\P + k)5(M, - k - E,{P)){^sA'P)\ ^^j(0)^ |$a,(0)) • e 

(86) 

The model states of the Pj, Vi mesons are written in the usual way, that is the 
simplest one compatible with the good quantum numbers. They are (ignoring the color 
factor) : 

\^aM) = \x{AiMr)) = E E v{p)XnpMi)alJ-^,M (87) 

P PlP2 

|«>B,(P)) = \x{BMr) e^P(^P • R)) = E E ^(^^)XpiP.(^.)«i+(P/2),p,&lp+P/2,pjO) 

|0) in the above formulas (87) is the bare vacuum of quarks, antiquarks and gluons; 
a|,^ and are creation operators of a quark and, respectively, an antiquark (the 
question of the renormalization of their masses has been discussed previously); p is their 
momentum and the index p characterizes the spin-flavor status; P is the momentum of 
the Ps meson. For a transition Bj -\- ^ it is (writing P —\ P |): 

P ^ P,, = {Mf - M|)/(2M,) (88) 

In the Eqs.(87) pi and p2 are indices referring to the spin- flavor state of the quark 
(1) and antiquark (2) (1 will always refer to the quark q and 2 to the antiquark q); 
Xpi,p2 the spin-flavor functions (of course with spin 1 for the Vector mesons and 
for the Ps mesons; in spite of the fact that the GP is fully relativistic, the model 
functions are constructed with Pauli spinors, as already discussed). We recall (Sect. 2) 
that the unitary transformation V [here this V is not the symbol of the vector meson!] 
operating on the model states, has the property of leading from Pauli to Dirac spinors; 
ip{r) and its Fourier transform (p{p), equal for all the states (that is independent from 
the indices i and j), is the (rotation invariant {L — 0)) space or momentum part of the 
model wave function. For more details compare the Ref.[20], Sect.III.''"^ 
The most general vertex for a 1/ ^ P 7 decay is: 

GijdaA^d^V.Pea^^. (89) 

where Aa, V^, and P are the electromagnetic, vector and pseudoscalar fields, ea^^i, is 
the Levi-Civita symbol and Gij is a real constant with the dimensions of a magnetic 
moment depending on the i,j pair; Gij = Gij{pl,p2,pl) ^ Lorentz invariant that 
can depend only on invariants constructed with the four momenta pi,P2,P3 of the three 
external "legs" of the K O P7 diagram; because it is pi + P2 — P3 only two such 
invariants exist, the masses of the V and P mesons, so that: 

Gij = Gij{MlMf) (90) 



^^In Ref.[20] the notation {J\f,V,X) and the expression "constituent quarks" were used for objects 
that might have been called simply "quarks" (as we do here, after the analysis of [26]). We remarked 
this already; we note it again here for the readers of Ref. [20] . 
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Once one has Gij expressed as the parametrized expression for the decay i — )■ j under 
consideration, the rate of the decay Vi — >■ + 7 is given by: 

T{A, ^ fi, 7) = Gie/il2n) {V ^ P7) (91) 

If P (index j) is heavier than A (index i) the same formula holds (except for a factor 
3) (See the remarks on this in the Appendix of Ref.[20], after Eq.A5): 

r{B, ^ A 7) = Gj^V(47r) (P ^ ^7) (92) 

Now we should "summarize" the contents of Rcf.[20]. As a matter of fact this would 
be too long here and we can just give the final result for the parametrization of Gij 
appearing in Eq.(92): 

G,,{Ml Mj) = 2{My/Nkfl^ f^uMP)r.{BjA,) (93) 

On thcj;.h.s. the notation is as follows: 

1) My is an average mass of the Vector mesons (irrelevant if we consider the ratio 
between the decay rates of two V mesons of the same family), 

2) Mi is the mass of the decaying V meson, 

3) The yUjy's have the dimensions of a magnetic moment of the decaying V meson; 
except for /x^.^ all the /i^^'s multiply F^^'s that -as we will see- are either reduced by flavor 
breaking, or reduced by gluon exchange. This will play a role when we will consider 
the ratio between two different decay modes (see below), 

4) The seven Tiy{BjAi) will be listed and discussed in a moment (compare the 
Eqs. (59,60) of Ref.[20], where the notation etc. was used for what we now call 
P" etc.). The values of the F^^'s depend (as the notation indicates) on the transition 
considered (recall that 1 always refers to the quark and 2 to the antiquark; note also 
that with the definition Q = (2/3)P" - (1/3)P'' - (1/3)P' the charge of an antiquark 
is —Q). These values of the F^^'s appear in the Table at the end of this Section for each 
transition V P7 or P ^ V^. 



Fi = 


(Qi + Q2) 


r2 = 


iQi + Q2){P^ + P^) 


= 


{Qi-Q2m-P^) = QS 


r4 = 


iQl + Q2)Pl-P2 


r5 = 


[iQi + Q2)\z'){z'\ + \z')z'\{Q, + Q2)] 


re = 


[\z'){w\{Qi + Q2) + {Qi + Q2)\w){z'\ 


F7 = 


[\w){z'\(Q^ + Q2) + (Qi + Q2)\z'){w\ 



In the last form of F3, Q and S stay for the total charge and strangeness. The symbols 
\z') and \w) stay respectively for: 

1^') = {l/\/3)\uiU2 + did2 + S1S2), \w) = \s1S2) (95) 

and represent flavor structures corresponding to transitions taking place through an 
intermediate gluon (indicated in what follows by gY^ that, for instance, can occur in 

^^The accent on z' is to remind that {z'\z') = 1, while the \z) in Sect. 8 was normahzed to 3. 
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processes like: 



— >■ — >■ 7r°+7, (j) — >■ 2g+j — >■ 77+7, a; — >■ Sg^ — >■ 7r°+7, a; — >■ 251+7 ^+7 



It should be remarked that the F's in Eq.(94) are all the flavor expressions contained 

in the exact transition operator V^^j(0)K; r5,r6,r7 (the gluon exchange terms) add to 
the flavor terms {Qi; QiP^; Qi ■ Pi ■ P|) contained in Fi, T^, T4. Forgetting gluon 
exchange, these would be the only ones present. 

Here we will limit the discussion to some processes that can depend in a clear way 
from the contribution of gluon exchange -compare for this the Table I. 

Let us start with the ratio (0;° 717) / (p° — )■ 717) discussed at the beginning of this 
Section as one of the first applications of the NRQM. One has from the Eqs.(94) that 
only Fi and F5 intervene in a; ^ 7r7 and only Fi in p ^ 7r7: 



In the formula (97) above, the factor 1.06 is due to the different momenta in the two 
cases (it comes from the ratio of the third powers of the momenta); when the data will 
improve, this factor should be recalculated because of the large width of the the p. 

Any -at present non appreciable- deviation from 9.5 of the r.h.s.of (97) (of course 
after the errors arc duly taken into account) is a measure of the contribution to — 717 
via gluons represented by the term ii^f^^P). Note that Eq.(97) is an exact consequence 
of any relativistic field theory that satisfies the assumptions stated in Sect.l. (In par- 
ticular it is correct to all orders in flavor breaking). Of course QCD belongs to such 
theories and, in a sense, the Eq.(97) provides a conflrmation of the smallness of these 
3-gluons contributions in QCD. 

A similar example comes from the ratio of the ?7'p7 and rj'u'-) decays; these depend 
only on Fi and on , Fg, r7 , all implying the intervention of 3 gluons, the last two 
processes with flrst order flavor breaking. Also here the experimental error is large, 
but the indications are for a negligible contribution from the gluonic diagrams. Fi- 
nally a strong conflrmation of the smallness of the gluon diagrams contribution comes 
from smallness of the (f) — > 7r°7 decay. The order of magnitude of this decay can be 
reproduced by the small deviation {k. 1°) of the Vector meson mixing angle 9y in the 
meson from its ideal value {Oy = 35.3°). The theoretical uncertainty, particularly 
from the form factor, is significant; still, because a sensible estimate of the order of 
magnitude of the rate — )> 7r°7 is obtained without invoking the gluon annihilation 
diagrams appearing in the ninth row of table I, there is no evidence, inside the errors, 
for the relevance of such diagrams. Even assuming that the deviation of Oy from its 
ideal value is 2°, the gluon contributions, if present, cannot certainly be larger (indeed 
should be smaller) than the tiny value calculated with this 2° deviation. 

TABLE I. The values of V^{Bi,Aj) in Eq.(94). The abbreviations are indicated 
at the bottom of the table; the flavor wave function of each meson is assumed to be 
normalized to one; 6y is taken to have its ideal value, except in the calculation of Fi 
for — >■ 7r°7. 



(96) 




(97) 
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s = sin ffp ; c = cos 0p 
= l/V?,{c -sV2) : 
i?, = 1(4.. + r.V2) ; 


H = l/v^(.s - 
T = ^2/9(5.s- 


f c^/2) ; 
- 'V2) ; 


N = 1/V3(f + .s\/2) ; 
W = ^2/9(5(: + 6V2) : 


L = l/\/3(c\/2-.s) 
Z = |(-4c+.sV2) 



Before concluding this section we note that an impressive amount of work, both experi- 
mental and theoretical, has been done in the last decade by the groups of Achasov et al. 
and Benayoun et al. and by others; unfortunately it is impossible to discuss in detail 
all this; even hmiting to the 7 decays of Vector mesons, we had to be necessarily most 
synthetic in the presentation of our work [20]). However we must cite some papers to 
refer at least to part of the work mentioned above. For the contributions of Benayoun 
et al. we refer to: [55, 56, 57, 59]. For Achasov et al. [60, 61]. Compare also [62] and 
other contributions by the same group. 



10. The beiryons electromagnetic mass differences and the Coleman- Glaishow 
equation. 

Another test of the hierarchy [42] is provided by the Coleman-Glashow formula [41] 
for the baryon octet mass differences. (Below we indicate again the masses with the 
baryon symbols). The Coleman-Glashow formula is: 

p - n = E+ - E" + 5- - 5° (98) 

The present data (after a comparatively recent measurement of the S° mass [43]) give: 

l.h.s = -1.29 MeV r.h.s. = -1.58 ±0.25 MeV (99) 

Because the mass difference (S^ — S"*") in (98) is ~ 8 MeV, the agreement is amazing 
[before the measurement in Ref.[43] it was already good (1.29 to be compared with 
1.67 ± 0.6)]. Note that the Coleman-Glashow formula was derived (Ref.[41]) assum- 
ing unbroken flavor; but the SU (3) violation in the baryon octet masses is significant 
[(Ms — Mp)/{Mb, + Mp) Ri 17%]. Here we will examine how, due to the hierarchy, this 
violation has a rather small effect. 

Note again that it was once more the hierarchy, to produce the improved Cell Mann- 
Okubo mass formula [8] of Sect.l (Eq.l), with an excellent agreement with the data. 

In this Section we shall consider also some relations due to Gal and Scheck (though 
there the experimental errors are much larger). 

Consider now the Coleman-Glashow (CG) equation. As mentioned, in their deriva- 
tion Coleman and Glashow neglected entirely the flavor breaking of the strong interac- 
tions. But it was shown in Ref.[44] that the CG formula holds also taking into account 
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all the flavor breaking terms, except those with three quark indices (neghgible because 
of the hierarchy) . 

Here we summarize the derivation of the CG equation taking into account flavor 
breaking, without performing all the calculations, (see [42]). 

It must be underlined that the m„ — rud terms and the so called Trace terms were 
discussed in Sect. 4 of Ref. [42]; they do not affect the CG equation. (Incidentally wc 
remark that the m„ — terms for the generalized Gell Mann-Okubo mass formula 
(Eq.(l)) were duly taken into account in Ref. [8]). 

To derive the CG equation using the CP, call Q the exact QCD operator -to 2nd 
order in the charge- expressed in terms of the quark flelds; fl will represent the e.m. 
contribution of interest to the baryon mass, that is the e.m. current-current interac- 
tion of the quarks in a baryon (proportional to their charge-charge interactions); with 
respect to the original Coleman- Glashow paper, the new thing is that we take into 
account the flavor breaking contributions. 

Call, as usual, |^b) and the exact and model states of the baryon B, writing, 
once more, in the usual notation: = \Xl=o-Wb- Sc) (and omitting from now on the 

color factor Sc). In Ref.[44] (Eqs. 13-16) the e.m. interactions were written explicitly 
and discussed. 

They lead to the terms listed below (because the fl~ has no role in the CG equation, 
the last line is useless here, but we included it for completeness): 
Qh QiQk (no flavor breaking) 

Qfi^^ gfPfc^ Q^iQkPt. QiQkPj: (1st order flavor breaking) 

Q^iPfP^, QjP^Pj', QiQkPiP^ QiQkPj'P^, (2nd order flavor breaking) 
QfPfPiPi, QiQkPtPiPi, (3rd order flavor breaking) 

As to the spin dependence, we proved in [1] that only the following scalars exist: 

1; {(Ti-ak) (z, A; = 1,2, 3) (100) 

Wc recall that the scalar (cri x (T2) ■ cr^ has vanishing expectation value on a spin flavor 
state having a real wave function FFb(1,2,3). [The F^b's are the usual spin-unitary 
spin functions of the baryons B] 

After this list of charge, flavor and spin functions, we display the results of the V 
trSjiisf orin3jtioii * 

{^bM'^b) = {<^B\V^nV\<^B) = {WbMWb) (101) 

where : 

n ^J2ur4sJ) with : U = {XL=o\G.{r)\XL=o) (102) 

V 

The Fjy's depend only on the spin and flavor variables of the quarks in $5; the t^^ 
are a set of parameters coming from the integration of the space factors Gi/(r) of 

^ = Hv^vij)^ v{,^i ]^ on the space part X/^=o of Ihc baryon model factor. The 
Eqs. (101), (102) reproduce the usual procedure of the GP. As mentioned, the rriu — ra^ 
and Trace terms do not affect the CG relation; thus below we transcribe simply (in 
the Eqs. (103)) the Fj, at zero order (call them 5o-B) and at flrst order (5ii?) in flavor 
breaking; Note that the three quark terms with no flavor breaking are already included 
-that is, they are taken into account- in the original CG (no flavor breaking) formula. 
In this case (no flavor breaking) define: 

ri = E[Q']' = Y.[Q'i^^ ■ ^k)], = Y^iQli^k ■ ^,)], r4 = Y.[Q^Qk], 

^5^J2[QiQk{o-i- ak)], ^6 = Yl[QiQk{o-i + ak) ■ CTj] (103) 
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In Eq.(103) the sum symbols referring to terms with 1,2,3 indices are defined respec- 
tively as: 

EW = E> Y.[hk]^{l/2) j: , U^,k,j]^{l/6) E (104) 

We display also the F's at first order in fiavor breaking. (The Ref.([44] contains the 
list of F's at 2nd order flavor breaking). Of course the 1st order F's are present only in 



Tio = EfQ'ni; Tn = Y.[Q'Pk{'^^ ■ '^^)]; = ElQ'Pki^^ + ■ o-.] 
ri3 = J2iQ^QkPn-^ Tm = J2[Q^QkPn^^ ■ ^k)]; r,, = J2[Q,QkP:{cTi + o-^) ■ o-,] 
rw^YliQiQkP!h ^i7^YliQiQkP!i^i-^k)]; ri8 = ^[Q,Q,p;^(o-, + o-fe)-o-,] 

In the above list of 1st order flavor breaking terms, the three quark terms Fg, F12, F15 
do not contribute to the left and right hand side of the CG formula; the terms Fig, F17, Fig, 
do no contribute to n and p while the correction for E+, E~, S~, 5*^" are in each case 
of the order "something" /3 where the magnitude of "something" is estimated by the 
hierarchy as 1/9; this is due, in all cases, to the product of a reduction factor ft; 1/3 
-presence of a P^- and a factor ~ 1/3, due to one more gluon exchange. Thus for each 
of the above three terms Fig, F17, Fig we have a reduction of the order (1/3)^ ~ 4.10"^ 
with respect to the dominant no-flavor breaking contribution. (Note: The Fig here is 
1/2 that hsted in Ref.[44]; this was wrong by a factor 2 -but produced no error because, 
in Ref.[44] it was not used). 

Because experimentally S~ — S"*" ~ 8 MeV and — S° ~ 6.4 MeV the reduc- 
tion given above (1/3)^ ~ 4.10^^ implies an expected difference between the left 
and right hand sides of the C.G. formula (due to Ist-order flavor breaking terms), 
of ~ 0.2 0.3 MeV that docs not disagree with the data. 

The F's necessary to calculate the 2nd order flavor breaking correction are given in 
44], Eq.(19). The order of magnitude of the terms of interest are estimated using the 
' lierarchy. 

Though we do not list here the 2nd order flavor breaking terms, we mention that 
the estimate of their contribution to the difference between the left and right hand sides 
of the CG formula is w 0.02 - 0.1 MeV. 



We flnally note the Gal-Scheck relations, derived long ago using the NRQM; again 
the hierarchy plays an important role (for more details see the Ref.[44]). 

The Gal and Scheck relations considered here are those for the baryon masses; they 
were derived from the NRQM assuming that 3-quark terms were negligible. Three of 
these relations deal with the masses of wide resonances (the A's); thus they are not 
easily veriflable. Two, the only ones to be displayed below, imply resonances not so 
wide {T,*^ and S*"'°) and can be checked more easily. They are: 

(j]*+ - E*-) + (S*- - S*°) = p - n (-1.2 ±0.9 = -1,29) (105) 

(1/2)(E*+ + E*-) - E*° = (1/2)(E+ + E-) - E° (1.3 ± 1.2 = 0.85 ± 0.12) 

The above relations hold to all orders in flavor breaking. 

Finally (independently of the Gal Scheck relations), to stimulate more precise mea- 
surements, we write a relation between the baryon electromagnetic masses [42], which 



35 



is the analogous for the decuplet of the Coleman Glashow equation for the octet. It 
can be easily verified using the Eqs.(27)(28) of Ref.[44]; it holds to all orders in flavor 
breaking: 

5A+ - 5A° = 5S*+ - (5S*- + 6E*- - (106) 

The above Eq.(106) (as well as the one below) might have been written -more simply- 
suppressing all the 5 symbols, since they are independent of the u, d quark mass differ- 
ences. Wc kept however the notation used in Ref. [42]. 

The Eq. (106), plus the Equation: SA++ - SA' = 3{SA+ - SA^) (also true to all 
orders in flavor breaking) might be useful for determining the mass differences between 
the A's. 



11. Two relations: a) Between the charge radii of p, njA"*"; b)Between the 
radii of 7r+,K+,K0. 

l.-On the charge radii of p, n, A+. 
Buchmann, Hernandez and Faessler [49] derived, using an elaborate quark model in- 
cluding two body gluon and pion exchange, the following relation between the electric 
charge radii of proton, neutron and A: 



"(p) - r2(n) = r2(A+) (107) 



We will show that the relation (107) can be reproduced using the GP if one neglects 
terms with three indices and a closed loop contribution (a Trace term) ; these are indeed 
absent in the model of Buchmann et al. and are expected to be small in the GP due 
to the hierarchy. 

The quantities r^(p), r^(n), r^(A"'") calculated in the rest frame of the baryon con- 
sidered are scalars under space rotations. Indeed the charge square radius of the baryon 
B is defined as: 

r'^{B) = {Wb\ parametrized r^ \Wb) (108) 

where the Wb are the standard spin-flavour functions, used previously (Sects. 2, 3). 

The most general parametrized r^ for p, n, A+ is linear [45] in the quark charges Q, 
and it can only contain rotation invariant spin expressions of the type (cTj ■ (7j). As to 
the projection operator this can only be contained, for p, n, A+, in the term Tr[QP^] 
arising from closed internal loops. Thus the most general form of [parametrized r^] is: 

[parametrized r^] = Aj2Qi+Bj2Qii(^i-^k)+C ^ Qi{crj-ak)+DTr[QP'] (109) 

i i^k i^j^k 

where A, B, C, D are four parameters. (As noted repeatedly, the scalar (cTj x crj ■ (Jk) 
cannot be present in Eq.(109)). Note that in principle there should be two different 
D's in Eq.(108) multiplying Tr[(5-P*] for n,p and for A; but because the coefficient D 
is negligible in all cases, we wrote [45] the Eq.(109) introducing just one D (there is of 
course no difficulty in writing the correct expression). 

With a few steps one finally obtains, calculating the expectation values of the ap- 
propriate expressions on p, n, A: 

r^(p) = A-3C-L>/3; r'^{n) ^ -2B + 2C - D /3] r'^{A+) ^ A + 2B + C - D 

(110) 
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Note the following: If we only take into account in Eq.(llO) the A (additive) and B 
(two index) terms we get: 

r^{p) = A; r^{n) = -2B; r^(A+) = A + 25; (111) 

This means that if the NRQM result (r^{p) = A; r^{n) = 0; r^(A+) = A^ is corrected 

by the two index terms we get the Buchmann et al. result r^(p) — r^(n) = r^(A"'"). 
If now we keep also the 3-index terms having C as coefficients as well as the D terms 
r^(p) — r^(n) = r^(A+) is replaced by: 

r\p) -r'^{n) =r\A+) -6C + D/3 (112) 

The coefficient D characterizes the contributions of internal quark closed loops with 
the probe photon line (the photon exchanged in order to measure the radii) ending on 
the loop. The reduction factor is around 30 (see the end of Sect. 7) so that the D term 
is negligible. 

As to the value of C, we have C/B 1/3. Because, from the experimental knowl- 
edge of the radii of n,p we get, |-B/^| — 0.08, and, from the hierarchy we expect 
G\C/A\ ^ 0.16 we obtain: 



2 



r 



(p) -r^(n) ^r2(A+)(l± 0.16) (113) 



We conclude that the main result found in the model of [49] discussed above is correct 
in QCD except for terms possibly of order 10% to 20%. 

As to the derivation from the same model of the quadrupole moment of A and of 
the A — )■ p7 quadrupole transition, they do not appear to follow from QCD, as far as 
we can see. (see the remarks in Sect.l and 4 of Ref.[45]). 

Following the results described above, Buchmann (with Henley, in some papers) 
used the GP to treat several problems - mainly on the e.m. properties of hadrons. 
A partial list of contributions is: Refs.[51, 50, 53, 54]; we do not share however the 
point of view of Buchmann on the quasi-cquivalence between the GP and the large N^, 
method underlying some of these papers (compare Sect. 13). 
2. -On the charge radii of tt"*", K"*", K°. 

For TT"'", K the calculation [63] is even simpler than the above one because we arc 
dealing with zero-spin mesons. As to the experimental values of the radii listed above 
their errors are still comparatively large, except (recently) for the K^. 
The square radius r'^{M) of a meson M with e.m. form factor F{q'^) is: 

r^^M) = F{q') = (M(q/2)|p(0)|M(-q/2)) (114) 

Here |M(p)) is the exact eigenstate of the QGD Hamiltonian for the meson M with total 
momentum p, p(0) = ■i-?/'(0)(574'?/'(0), with ^jJ{x) the quark field and Q = (1/2)(A3 -|- 
(1/3) Ag) is the charge operator. We recall, incidentally, that the dependence of the 
e.m. form factors was given for p,n in Ref.[46]. The exact r'^{M) derived from QCD 
for a meson with an L = auxiliary state (as the lowest pseudoscalar mesons) is. in 
the GP: 

r2(M) = {Wm\ ''parametrized r^" \Wm) (US) 

where Wm are the standard spin-flavor functions of the tt or K mesons. Due to the 
linearity of in p(0) the most general ''parametrized r^" for 7t~^ , , K'^ is a scalar 
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linear in the quark charges Qi {i = 1, 2) (l=quark, 2= antiquark). As to the spins, the 
"parametrized r^" can contain only <Ti • <T2 which, applied to the spin singlet factor 
in Wm is just —3. Therefore the most general "parametrized r^" (a scalar under 
rotations)is: 

"parametrized r^" ^Aj^Qi + BYl QiP" + C Qi^k + DTr[QP'] (116) 

i i i^k 

In Eq.(116) A, B, C, D are four real parameters; the sums (on i,k = 1,2) are exemplified 
by the following case for K+: Ei^fc Qi^fc = (for K+) {Wk+\QiP2 + Q2Pi\Wk+) = 2/3. 
Neglecting the Trace term in Eq.(116) for the reasons already stated (depressed by the 
Furry theorem at least 30 times with respect to the dominant term A), the equation 
(116) contains three parameters A,B,C and must fit three quantities. |-B/v4| = the 
flavor reduction factor = 0.3 to 0.33. As to \C/B\, this is governed by the one gluon 
exchange reduction factor factor (from 0.22 to 0.37) for which we also take 1/3 although 
this value is less "universal" than the previous (flavor) one. In conclusion we set: 

\C\^ {1/3)\B\^ {1/9)\A\ (117) 

We thus obtain: 

r2(7r+)=A (=0.44 ±0.02) (118) 

r^(X+)= A + (l/3)B + (2/3)C (=0.34 ±0.05) 
r2(X0)= (1/3)5- (1/3)C 

In general the Eqs.(118) lead to the relation: 

r^{n+)-r^{K+)^-r^{K°)-C (0.10 ± 0.05 = 0.077 ± 0.007 ± 0.05) (119) 

Experimentally r^(7r+) — r'^{K^) = 0.10 ± 0.05; on the left hand side r^(i^°) = 
—0.077 ±0.007 and C (calculated from the hierarchy, Eq.(117)) is ±0.05; more precise 
measurements for r'^[7r^),r'^{K~^) would be useful and one would like to have a conflr- 
mation of the very precise value of r^(A'"). The interest in obtaining precise values is 
due also to the following circumstance. From the Eqs.(118) one has: 

\B/A\ = \r'^{K+)-r'^{TT+)+2r^{K^)\/r^{TT+) = |-0.10t0.05-0.154±0.014|/(0.44±0.01) 

(120) 

It is important to note that the hierarchy leads to |-B/^J — 1/3; this prediction 
should be rather solid because based only on flavor breaking (it is also independent of 
C). However with the values that appear in Eq.(120) this expectation is fulfilled only 
using the ±0.05 error at two standard deviations or/and if the error in r^{K^) has been 
underestimated in Ref.[52]. 



12. Parametrization of the p7, lo'j and 07 couplings: Why fp^'-fwy differs from 
3:1 only by ~ 10% in spite of flavor breaking? 

This Section is based on Ref. [15]. Some numbers appearing in the original treatment 
are modified but the conclusion for the pj, cuj couplings summarized by the title above. 
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is practically the same as that of [15]. [However the conclusion of [15] on a negative 
(f) — u mixing angle was incorrect: the angle is positive, fa +1°]. 

To determine the p7, u^i and 07 couplings, wc analyze below, using the GP, the 
1^ — 7 couplings fvy in the decays p , a;, — )■ e+e^. The above 1^ — 7 couplings are, in 
fact, presented sometimes as an illustration of how well the NRQM + SUz predicts the 
ratios of the fy^ for V = p^^u and, in part 0. But \ fp'y/fu)'y\ ~ 3 needs an explanation, 
because the value 3 is the perfect SU^ prediction with no flavor breaking, whereas flavor 
is broken. Yet we will see, using the GP, that the statement is almost correct (see the 
title of this section) although this is not obvious. (From now on in this section the 
vector mesons will be indicated by v to avoid confusion with capital V , the unitary 
transformation of the GP, transforming the model states into the exact QGD states). 
The coupling f^^ of a neutral vector meson v to the photon is proportional to the matrix 
element (v|j"(a;)|0), where j"{x) is the quark current: 

= ^[^(^)(A3 + 3A8)7a^(^)] (121) 

in the usual notation, with the color index omitted and ip{x) = u{x), d{x), s{x). 
Introducing the charge Q — |P" — ^P'^ — the Eq.(121) becomes 

r{x) - -ilj{x)Q^^il;{x) (122) 

The decays of p,uj,(l) into e"^e~ are expressed in terms of the quantities fy^ defined 
in the rest system of the decaying v meson, by 

/.7^.fc = (^i/(0)|0), A; = 1,2, 3 (123) 

where is the exact state of the QCD Hamiltonian representing the vector meson v 
with polarization i and is the fc-th component of the quark current (122); similarly |0) 
is the exact vacuum of QCD, that is the exact vacuum of quarks, antiquarks and gluons. 
Of course the General Parametrization connects the exact states to the model states 
by the unitary transformation V , introduced in Sect. 2; the structure of V depends on 
the problem considered, and we have to construct V for our problem here. First we 
must clarify the meaning of "exact state" introduced above. The states \v) and |0) on 
the r.h.s. of Eq.(123), when written in terms of Fock states in the space of quarks g, 
antiquarks q and gluons G, are a super-position of an infinite number of Fock states 
(compare Sect. 2). Schematically, 

\v) = \v)exact = 1??) + 1????) + G) + .... 

I 0) = I 0)e.„ct = I %are) + 1??, G) + .... (124) 

where | Qhare) [perhaps the name | ^modei) instead of | ^hare) would have been better, 
but we preferred not to change on this the notation adopted in Ref.([15]), is a zero 
energy state of the model Hamiltonian with no quarks, antiquarks or gluons. As we 
exemplified abundantly, the GP starts with the introduction of a model Hamiltonian 
and of a unitary transformation V that transforms the simple model states of the model 
Hamiltonian into the complicated exact states of the exact QCD Hamiltonian. A large 
freedom exists in the selection of the model Hamiltonian in a given problem, as seen 

^^We apologize for the mistake on this point. 
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for baryons and mesons in the Refs.[l, 17, 26] and in the past sections of this survey. 
In the present case the model Hamiltonian is chosen as a function of Ig — Iq; one of its 
eigenstates is a state of zero energy without quarks, antiquaries and gluons that in the 
Eqs.(124) above we called | Obare) and in the following we will call | O;,). 

The model states of mesons for the lowest nonet are pure \qq) states with L — 0, 
all degenerate in mass. The wave function of the \qq) Fock state \lq, Iq, model) 

is factorizable: 

Fiv') = ipr.=oir) ■ x' ■ C (125) 

a product of a space factor ipi,=Q{r), a spin-flavor factor x' and a color factor C. (In 
what follows, to simplify the notation, we will omit writing the factor C and the 
color structure of the e.m. current; they lead to a multiplicative factor ^/S in the 
matrix element {v^\j^{0)\0) that will be reinserted in Eq.(132) below). The exact 
state, obtained from it via the unitary transformation V, is: 

\v) = V\lq — Ig, model) (126) 

The transformation V has in this case also the task of transforming the model vacuum 
state I 0;, ) into the exact vacuum | 0) 

I 0) = 1^1 Ob) (127) 
Thus, in the rest system of the v, it is: 

V = Vol ^b){Ob \ + ViY^\lq, lq){lq, lq\ + .... (128) 

In the Eq.(128) above |0b)(06| is the projector on the | 0;,) vacuum Fock state and 
J2 1^1 is the projector on the states of the Iq, Iq no-gluon Fock sector. The 

dots refer to the projectors of V on the other Fock states, not relevant here. 
The matrix element {v'\j''{0)\0) in Eq.(123) is 

(^;^|/(0)|0) = {modellq,lq\V^j\Q)V\Qb) = {F{vW^j''{Q)V\Qb) (129) 

On the r.h.s. of (129) we inserted the state | F{v^)) corresponding to the wave function 
F{v^) (125) of the model state of the v meson: 

P Pl,P2 

where p = (l/2)(pi — P2) is the relative momentum of the quark 1 and antiquark 
2 in the model state. In Eq.(130) a+^, 6+^ are creation operators of a quark and, 
respectively, antiquark with momentum p and in the spin-flavor state p; pi and p2 refer 
to the spin-flavor state of the quark 1 and antiquark 2 [p = s, f; s = spin, f = flavor]; 
here and in the following, 1 always refers to the quark and 2 to the antiquark. As to 
V5l=o('") (the same for all nonet states) and its Fourier transform g{p), they are the 
space or momentum factors of the L = model wave functions. 
Inserting (130) in the last member of (129) we obtain: 

{v'\j'm 0) = E E 9\p)xl,,^%K,p,h.^,p.{V^3km)\ (131) 

P P1,P2 
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The only part of {V'^jk{0)V) contributing to the r.h.s. of (131) has, clearly, the form 
^Pi,P2(P)'^P,Pi^-P,p2' where ^^^^^(p) some function of p. Using this expression of 
(V^jkiOW) we obtain: 

(^^|j^0)| 0) = x/3E E 9*iPKl,A,,.iP) (132) 

P Pl>P2 

where we reintroduced the factor \/3 mentioned above (after Eq.(125)). 

At this stage our aim is to display the most general flavor dependence of the right 
hand side of Eq.(132). To achieve this we must first eliminate the p's summing over p. 
Calhng: 

4,p. = E^*b)Gp.,P2(p) (133) 
p 

we have 

(^'1/(0)1 0) = V3Ex;:,p4,p. (134) 

P1,P2 

The indices p = s, f, as already stated, specify both spin s and flavor /. To obtain the 
flavor dependence it is convenient to use the fact that both x and in Eq.(134) can be 
written as products of a spin and a flavor factor. We can then perform the sum over 
the spins obtaining: 

^ E 41pA,p. = KS,kTfu. (135) 

S1,S2 

where X is a constant and we have put 

•^/i,/2 = (^/i,/2 1-^10) (136) 

Here v/ija is the flavor factor of the model wave function of the meson v and is the 
most general flavor structure corresponding to the operator {V^j{0)V) (j(0) here is any 
component of the current). We write 

E l/l,/2)(/l,/2l {V^jm)fla.or\0){0\ (137) 

where the projector J2f' /,' I /ii /2)(/i) /2I I'cfers only to the flavor space of Ig, Iq and 

{V^ j {0)V) flavor is the most general operator that can result in QCD when {V^j{0)V) 
is calculated and integrated over all variables except flavor. In (137) it is of course 
irrelevant to write | 0) or | Ob) because the bare and exact vacuum have the same flavor 
properties. 

The most general expression of T in the calculation of the couplings is easily 
found from the Eqs. given above. It is (as usual, Q = (2/3) P" - (1/3) P'' - (1/3)P^): 

T = A{Q^+Q2){\ uu) + \ drf))(0|+5(Qi+g2)ks)(0| +CTr{2QP')-\uu+dd+ss){{)\+h.c. 

(138) 

Here A, B, C are three coefficients; a fourth parameter in front of ss in the last term 
of the expression is unnecessary because it can be absorbed in the coefficient B. Note 
that there are no terms proportional to (Qi —Q2) because this quantity -not (Qi +Q2)- 
is the total charge of the meson, and therefore vanishes for neutral states. Also we 
introduced a factor 2 in the Trace term (not present in [15]) to normalize all terms 
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p, Q), t|) 
— < 




Figure 3: The closed loop three gluons contribution to the p°7, W7, (fry couplings. The loop may 
be circled by a quark of flavor u, d or s. The net result is nonvanishing because of flavor breaking, as 
indicated by the operator P*, and corresponds to the term CTr{2QP^) in Eq.(138). 



properly. Clearly Tr{2QP^) = —2/3, but we left, so far, this operator in this form to 
keep track of its origin due to a closed loop of type shown in Fig.3. 

On circling the closed loop we must meet, for a v meson, in addition to the photon 
vertex, at least three gluon-quark vertices. Three is due to color and to spin 1 (or to 
Furry theorem). We stress (this is in fact the basic point of the present discussion) 
that (138) is the most general parametrization that can emerge from an exact complete 
QCD calculation. Nothing more complicated than this can be present. 

At this point one natural question is: So what? There are three parameters and 
three mesons (p, a;,0) and, without further information, nothing useful can be pre- 
dicted. However we expect that, due to the hierarchy (Sect. 6), the Trace term in (138) 
contributes much less than the others; therefore, it may be a fair approximation to 
neglect it in a first approximation. We will see that the data on the {ffr// fui-y) ratio 
confirm this point and allow to explain why, in spite of flavor breaking, the above ratio 
is near to 3. Note that for C = (and in the absence oi p — u mixing) we would 
obtain: 

= ^^371' = ^"^^ ^^^^^ 

which produces the old NRQM or SU3 result: 

fp, :/.-, = 3 : 1 (140) 

What is important, however, is that we have shown that this is an almost exact QCD re- 
sult obtained neglecting only the (small) contribution due to the Trace term in Eq.(138). 
We now discuss the experimental value of jp^j j^^^^. We have: 

{fnlf^^f = {M,/M^fT{p ^ e+e-)/T{cj ^ e+e") (141) 

Here the {Mp/M^^Y is due to the square of the photon propagator in the decay v — )■ 
e+e", proportional to M~^, and to the phase space factor proportional to M^. Note 
that in constructing the v meson states with the general parametrization method in 
the rest frame of the decaying meson, one starts from a set of normalized model states 
which are mass-degenerate for all mesons of the nonet. The differences in mass of the 



'^^In Rcf. [15] we estimated the ratio C/A « 10 ^; as we will see it is instead w 5 • 10 ^, but this 
difference does not change the conclusion just stated. 
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exact states are incorporated and automatically produced by the flavor breaking part of 
the V operator which, operating on the model states, transforms them into the exact 
states. Therefore wc must not insert explicitly the normalization factor (2A£„)~^/^ 
of the state of the decaying v meson. For this reason the r.h.s. of (141) contains 
{Mp/M^Y instead of [Mp/M^S) that often appears in this formula. We adopt the values 
r(p -> e+er) = 6.77±0.32 KeV and r(a; ^ e+e~) = 0.60±0.02 KeV. Thus, according 
to Eq.(141), one gets: 

|/p7//cu7lexp = 3.35 ±0.07 (142) 

The deviation from the "perfect" (3:1) result Eq.(140) can be due to the Trace term 
and to the p — ou mixing (for this compare e.g. Ref. [57], [58]). Taking into account only 
the Trace term , the Eq.(139) is replaced by: 

U,^K{A-2C)^; f^ = KA^ (143) 

that is: ^ 

fpi ■ /-7 = 1 _ 2C/A ^^^^^ 

From the experimental value (142)-and having omitted, as stated, the p — oj mixing- 
one gets: C/A ^ 0.05. 

Considering now the decay one has: 

Ui-ffry=^J (145) 

and, from the experimental value r(0 e'^e~) — 1.32 ± 0.05 KeV, one obtains: 

= 1.24 ±0.09, (146) 

a value consistent with that due to the flavor breaking. Note that a positive flavor 
breaking correction (i.e. B/A > 1) in this case is expected from a "quarkonium" 
model, since the quarkonium wave function at the origin <^q(0) is larger for a heavier 
qq pair increasing the annihilation probability amplitude. 

To summarize: The general paramctrization (with neglect of the Trace term) pre- 
dicts fp^ : fi^^ = 3 in spite of flavor breaking and, at the same time, accounts for the 

deviation of \ f(j,^ : from ^/2/3. It is misleading to say, as done sometimes, that the 
experimental values of the ratios \fpj : f^jj : /^-y| are 3:1: \/2, as if flavor breaking were 
absent. It is true that |/p^ : /^^^j is not far from 3:1, but, as expected, \f^ : fpj\ differs 

appreciably from v^/3. That is, flavor breaking in the expected amount is necessary 
to account for the last ratio. 

A last remark is in order. The above analysis refers to u and particles with the 
vector mixing angle at the ideal value 9^ — 35.3°. Allowing for a small deviation 59 ^ 
one has: 

/^^(35.3° + 5^„)/A;^(35.3°) = (cos + V2(B/A) sm59^) ^ (1 + 1.7559^) (147) 

In Ref. [15] we did use erroneously the Eq.(147) and got a negative mixing angle 69^. 
We now see that Eq.(147) is compatible with a small positive S9y 1°. 
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13. The GP and chiral theories: A few remarks. 

In a comparatively recent paper [9] Durand, Ha and Jaczko rc-dcrived, using heavy- 
baryon cliiral perturbation theory, the generalized Gell Mann-Okubo mass formula 
(Eq.(l),Sect.l) obtained in 1992 by one of us (Ref.[8]) using the GP. We found their 
result interesting, especially because it shows that some kind of hierarchy plays a role 
in chiral QCD. 

In an Erratum, Ref.[22], Durand and his collaborators acknowledged the coinci- 
dence of their result with [8]. Before illustrating an interesting aspect that we find in 
the derivation of Durand et al., we wish to reproduce a few words of clarification to 
[22] already contained in Rcf.[23](footnote[3]). 

1) The T in the Eq.(l) -of the present survey- is called in [22] the "parame- 
ter" T. However, as we saw, T is not a parameter; it is a well defined quantity: 
T = S*~ — (l/2)(n + E*^) [the symbols arc the baryon masses]. 

2) Also the statement in [22] from "so is not to be used" to "Our approaches differ 
in that respect" is not too clear because our T is identical to their djuM' -except that 
the Eq.(l) (Sect.l) includes the e.m. corrections, essential, in this case, to arrive to the 
level of precision noted in Sect.l. 

Of course the fact that some of our results can be obtained from chiral theories is 
not unexpected, because the only properties of QCD that the GP exploits are the obvi- 
ous ones indicated in the points a) to d) of Sect.l of this survey. Thus any relativistic 
theory (chiral or non chiral) compatible with the general quark-gluon description of 
QCD and satisfying the above points a)-d) could, if used properly, produce our results. 

But the main reason of our interest in the derivation of Durand ct al. is the follow- 
ing: The re-derivation of the generalized Gell Mann-Okubo mass formula by Durand 
et al. using chiral QCD implies that also their chiral description predicts that certain 
terms of second order in flavor breaking are very small. (Precisely those terms corre- 
sponding to our coeflicicnts c,d in Eq.(19) of Sect. 3.) The smallness of c due to the 
hierarchy (and established directly - see the values of the parameters in Eq.(20)) is all 
that was used in the General Parametrization to derive the new mass formula: compare 
Sect. 3. 

In fact the result of Durand et al. seems to be a case where a chiral procedure, even 
if after a very long calculation, leads to a prediction in low energy QCD depending 
only from the hierarchy of the parameters. As we stated repeatedly, the hierarchy ap- 
pears naturally in the General QCD Parametrization and, we feel, should have appeared 
earlier and more generally and "spontaneously" in all theories that (as the chiral ones 
claim) intend to be a good approximation to QCD or at least to provide its main results. 
Our interest in the result of Durand et al. centered basically on this aspect. 

The above point (Why in the usual treatments of chiral QCD the hierarchy remains 
so hidden?) was the main one that we intended to raise in this Section on the relation 
between the GP and chiral theories (and this question, after all, remains open). We 
have mentioned other problems related to chiral theories both in this survey -Sects. 6 
and 8- and in Ref.[26], but we will not come back to them here. 



14. Comparing the GP with the 1/Nc method; some comments. 

We inserted this section only for completeness; its contents is a summary of two 
arXiv reports [67, 68] to which we refer for all details. Here we limit to a few comments. 

The basis of the "Large Nc method" was a paper of 't Hooft [69] on an hypothetical 
QCD with an increasingly large Nc (number of colors). It should be added that 't 



44 



Hooft's aim was to try to understand quark confinement; he did not use the results of 
his paper for the dynamical QCD problems, treated later by others. 

In the large N^. method, A^^^ is considered a parameter; one assumes that in the limit 
Nc — >■ oo, the QCD strong coupling constant g decreases proportionally to l/^/Wl- The 
question if this expansion is meaningful at iVc = 3 does not certainly have an obvious 
answer (see [76]); no one knows the behaviour of QCD for Nf. — )■ oo. However, this 
expansion in 1/Nc (and also in flavour breaking) was widely used in the past years (see 
e.g. [78]). In Ref.[74] this expansion and also the GP were discussed. This fact (plus 
the popularity of the large method) have been the reason for inserting here a few 
remarks on the method. 

Let us compare the GP parametrized baryon mass with the same quantity obtained 
in the l/N^ method. Also there [70], the parametrization of the baryon masses is ex- 
pressed in terms of 8 parameters (from c^q° to c^3)°), but these parameters multiply 
collective rather than individual quark variables. Again, setting to zero the smaller 
coefficients, one finds a relation between octet and dccuplct baryon masses (Eq.(4.6) in 
70]). This coincides with the result obtained several years before in [8] and reproduced 
lere as Eq.(l), the generalized Gell Mann Okubo mass formula. But this result was 
ignored both in [70] (and in [78], [74]). 

The re-derivation of the generalized Gell Mann-Okubo mass formula implies, of 
course, that the 1/Nc method is characterized by some hierarchy, at least for the masses, 
similar to that of the GP; but note the following: Whereas in the large description 
the reduction factor in the hierarchy is precisely l/N^ = 1/3, in the GP 1/3 is only 
an order of magnitude for the reduction factor. The above feature ("precisely 1/3") 
is clearly very restrictive, perhaps too much, in the large Nc procedure. (One can, of 
course, always find some way out from such problems, but, in so doing, one loses the 
basic feature of the theory). In this situation, the statement (see Ref. [74]) that the GP 
gives a reasonbly good reproduction of the QCD results, but imposes "mild physical 
constraints" is, to say the least, unclear [for the meaning of the "mild" above see in 
[74] the remarks between Eqs.(3.5) and (3.6)]. The same lack of clarity applies to the 
expression "very general quark model" that Lebed used for the GP in a previous paper 
[75] 

A question arises, of course: Does the large Nc method lead always to the same 
results of the GP method? The answer is no: below, we will illustrate why the 1/A^c 
method can be incorrect in (at least) some cases. 

We comment first on the Coleman-Glashow (CG) relation that we treated (sec. 10) 
by the GPin Ref. [42]. There we showed that neither the u — d mass difference, nor 
the Trace terms, modify the conclusion, reached in [44], that only a few, small, three 
index terms violate the CG relation. This explains the "miraculous" precision of the 
CG relation, originally derived by CG in exact SU{3)f; a precision confirmed by a new 
measurement of the S° mass [43]. 

After the appearance of [42] "On the miracle of the Coleman-Glashow and other 
baryon mass formulas", a preprint by Jenkins and Lebed [77] implied that according 
to the large N^. description it is "natural" (not "miraculous") that the CG relation is 
so beautifully verified. It is implied in [77] that the terms neglected are "naturally" 
expected to be small. 

This confidence has no basis. For the CG relation the terms in the GP are many 
[44, 42]. It is totally unjustified to estimate their global contribution only through the 
order in 1/A^c of a typical term, as done in the 1/A^c method. Thus the predictions of 
the 1/Nc expansion do not have a real QCD foundation. 

Another simple case where the results of the large Nc method clearly differs from the 
GP analysis (in the wrong sense) is that of the magnetic moments of p, n and A 's. The 
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1/Nc results do not account for the facts, contrary to the statements in Refs.[71, 72, 73]. 
Due to the omission of effects of order l/N^, the 1/Nc expansion cannot explain for 
instance, the ii{p)/ii{n) ratio and the A — >■ p7 transition (Sect. 5 in this survey). 



15. Appendix I - A field theoretical derivation of the GP. 

We now relate the General QCD Parametrization to a conventional Feynman dia- 
grams description. Essentially we will show how the unitary transformation V connect- 
ing the exact state, say of a baryon, |^_b), to its model state |$b) can be constructed 
in a field theoretical frame. We did the same in the Appendix to Ref.[l], except that 
there we assumed to identify m (the renormalized mass of a quark) with the (not well 
defined) mass of a constituent quark. As shown in Ref.[26], this is unnecessary; here 
we will not keep this limitation. In principle the renormalization point for the quark 
masses can be selected arbitrarily; although it is fixed at some value, we do not need 
at this stage to specify it explicitly. For the rest we proceed as in the Appendix of 
Ref.[l]. Here we will deal only with the relation between the V transformation and 
the conventional field theoretical description. We will illustrate the construction of V 
only for baryonic 3-quark states, but clearly the same arguments hold in all cases. Call 
\qqq) a state of three quarks and no gluon and let rj = J2 IqQQ) {qQqI be the projection 
operator into any state (of 3 quarks and no gluons): 

r]\ qqq) = \ qqq); rj \ ^ qqq) = (148) 

We rewrite H identically as: 

H = riHri + (1 - r/)i/(l - rj) + r]H{l - r/) + (1 - ri)H'q (149) 

Introduce now the model Hamiltonian tjHt] which is a typical non-relativistic quark 
model Hamiltonian acting only in the Fock space of the states of three quarks and no 
gluons. We decompose H as: 

H = Ko + K^ (150) 

with: 

Ko^{l- r])H{l -r])+ r^U-q ; = r}H{l - 77) + (1 - rii)H'q + rjH-q - rjUr] (151) 

having added to Kq and subtracted from Ki the model Hamiltonian rjT-Lr]. Referring to 
the baryons we assume that rjl-Lr] has degenerate eigenvalues Mq for all the octet and 
decuplet baryon states: 

TjUv^B^M^^B (S = A,A,E,S,A,E*,S*,0) (152) 

where \^b)\^ gii^ons) are the L = model states. Because in the three-quark sector 
Kq and Ti coincide, are the degenerate eigenstates of Kq: 

KoI^b) ^ M^I^b) (153) 

In the part riTii] of Kq the masses of the u, d, s quarks are assumed to be equal [as 
implied by Eq.(152)]; the flavor breaking mass term (Eq.(9) of Sect. 2) appears in the 
term (1 — 1])H{1 — rj) of Kq and in the term r]Hr] of Ki. The term (1 — rj)H{l — rj) of 
Kq includes in particular the Hamiltonian of the non interacting gluons; Ki contains 
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the interaction terms r^if (1 — i]) and 1 — r]Hr] of the quark-gluon Hamiltonian. 

We now treat Kq as the unperturbed Hamiltonian and Ki as the perturbation; 
imagine inserting Ki adiabatically and construct the true states |^) with the procedure 
of Gell Mann and Low (Ref. [64])(this procedure is not compulsory, but it shows that at 
least one method of construction exists). Writing Ki{t) — exp {-'riKQt)Kiexp {—iKot) 
the adiabatic U {t, to) satisfies: 

iliait, to) = exp {-a \t\) ■ Ki{t)Ua{t, to) (with a > 0, U^ito, to) = 1) (154) 
and the |^')'s for the lowest bound states corresponding to the lowest |$s)'s are: 

I^^b) = lim exp (-WB/a) ■ C/«(0, -oo)|$b) (155) 

a— J-O 

where Wb is purely imaginary {wb + w*^ = 0) [so that the factor cxp(— ws/a) in front 
of Eq.(155) is a pure phase factor that eliminates the singularity coming from the 
limQ^o Ua{0, —oo); Wb in Eq.(155) is related to the S = U{+oo, — oo) matrix element 
of the $s transition by lima<-j>o($s| S \^b) = exp(2u's/tt)]. The basic operator 

V introduced in the text can be therefore written explicitly as: 

V = lim exp (—wb/q:) ■ Ua(0, —oo) (156) 

a— ^0 

Thus, for instance, the formula for the magnetic moments (omitting Trace terms) has 
the form used in the text, namely: 

M = {^\V^MV\^) (157) 

It can be seen easily that the above formula (157) is the same as that used frequently 
for practical calculations: 

M^<™^.m>,(0)S)|*>e (158) 

where the index C means "connected" .However the formula (156) for V is not that 
written more frequently: 

m = ^jMT^^^ (159) 

' ^ a^0($|[/„(0,-Oo)|$) ^ ^ 

Although the final formulas for the physical quantities are always the same, in the 
Eq.(159) the denominator is not a pure phase factor, as it is the factor multiplying 
Ua{0, —oo) in Eq.(156). For the GP this might create the problem considered at the 
end of Sect. 8 of [1], that is, the need for an additional parameter in the parametrization 
of the magnetic moments. But with the V in Eq.(156) this problem does not arise, as 
discussed in some detail also at the end of the Appendix of Ref.[l]. 



16. Appendix II - A summary of the main steps in the derivation of the 
spin-flavor dependence of the GP terms. 

A) The spin algebra 

How can one obtain the spin-flavor structures that appear, e.g., in the parametrized 
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expression of the baryon masses (Eq.l9) or in that (Eqs.28,29) of the baryon octet 
magnetic moments? 

In this Appendix we will illustrate, as an example, the derivation of the spin-flavor 
terms appearing in the magnetic moments, at 1st order in flavor breaking (recall that, 
as we stated in Sect. 2, the model state has been selected with orbital angular 
momentum L = 0; this is the reason why, after the V transformation, only the spins 
of the quarks appear in the construction of the expressions for the magnetic moment 
of the baryons). Indeed, all three body space axial vectors vanish on evaluating their 
expectation value on \^b;L=o)', therefore in evaluating the magnetic moments one has 
to do with the expectation value of something of the form J^u J2p,p' R^iP, p')Gi,{a, /), 
where p, p' are the two independent momenta of three bodies in the rest system. Be- 
cause i?j,(p,p') is a scalar under space rotations, the whole axial vector contributing 
to the magnetic moment of B is due to the spins. 

Setting {Xl=o\Rv{P:P')\Xl=o) = Qu, one obtains for the magnetic moments the 
expression J^i^ guG^icr, f). (Compare Sect. IV of [1]). 

We will start examining the spin dependence of the most general axial vector oper- 
ator formed with the spins <t 1,0-2, cr^ of three spin 1/2 particles (the quarks) and also 
its dependence on the flavor operators /. This is given in Eq.(160), to which one has to 
add all terms, possibly with different coefficients, obtained performing any permutation 
on 1,2,3. 

(TiHf) + Kf)(<^2 ■ 0-3)] + c(/)(o-i X 0-2) + d{f)((T^ X 0-3) (160) 

In (160) a(/), b{f), c{f), d{f) are Hermitian operators constructed with the flavor vari- 
ables and having real matrix elements between real functions (we call such operators 
"real"). 

One can show [for the proof compare Ref.[l], page 3001] that when calculating the 
expectation value of the operator (160) on a spin-flavor state with a real wave function 
and a given value of the total angular momentum J, (a) the cross products terms in 
Eq.(160) give no contribution, and (b) the term cri{a2 ■ (T3) can be rewritten purely 
in terms of cri and of the c number J. It follows that the most general Hermitian 
axial- vector operator G(cr, /) constructed in terms of the CTj of the three quarks (and 
of the flavor operators /) is, when used for evaluating an expectation value as specifled 
above, a combination of criTflf), (T2T2{f), cr^T^lf), where r/(/), are three operators 
depending, for a given J, only on /. With the same type of proof one also finds that 
the scalar: 

(0-1 X (T2) ■ 0-3 • F{f) (161) 

where F{f) is any Hermitian real flavor-dependent operator has a vanishing expectation 
value on any real spin-flavor state of three particles, (compare the Eq.(26) in [1] and 
the proof after it). 

We now list a set of relations involving cr j's that are useful to develop the GP. 
Consider the term (7i{a2 ■ cts) that appears in Eq.(160) (multiplied with a real flavor 
operator &(/)) and take its z component. It is: (Tiz{cr2 • crz) — {l/2)aiz[{cr2 + ctsY — 6]. 

Writing: 2J — CTi + (72 + as we obtain: 

au{<T2 ■ 0-3) = ^au [(2J -(Tif-6\+^ [(2J - a^)^ - q] (162) 



^^The reader should consult [1] for more details on the points treated in this Appendix; in fact 
this summary cannot replace such a consultation, but we felt it necessary to list here some important 
points, to give an idea of the methods used. 
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and, with some algebra: 



au(cT2 • 0-3) = - (4| J2| - 7)au + cj^m - 7) 



-2J, 



(163) 



In calculating the expectation value of criz{cr2 ■ (T3) on a state with a given J we can 
write I Jp = J( J +1), a c number. 

In conclusion the most general axial- vector operator ( as far as its expectation value 
on a real spin-flavor state with a given J is concerned) is: 



G{a,f) = cT,T({f) or 



or = asTiif) 



(164) 



where the r/(/) are real flavor operators. We did prove, essentially, that the most 
general axial vector formed with three spin | particles (under the italicized condition 
above) is a combination of <Ti, cr2, and nothing else. It might seem strange that the 
only axial vectors are those listed in (164), since we can for instance, multiply ai by 
((Ti • (72) or by any other scalar product of the spin matrices and remain with an axial 
vector. The answer appears from the Eqs.(165) and (166) below where we have limited 
to the z components (the x and y behave similarly). 



(165) 



CTi ■ (<T2 X (T3) = {(72 X (Ta)^ + i «Ti X (cr2 X (T3 

= {(72 X cra)^ + i(cri • <T2)(J3^ - i(<Ti • <T3)(J2 



(166) 



because the expectation value of {(TiXcrk) is zero as stated above, Eqs.(165) and (166) [in 
conjunction with (163)] exemplify how the multiplication of cr, by scalar products of 
cr's does not create new axial vectors in addition to (164) with a non zero expectation 
value. 

B) The flavor algebra 

To write all Gj,(cr, /)'s that appear, to all orders in flavor breaking, in the con- 
struction of the magnetic moments (and were listed in Eq.(29) of Sect. 4 to first order 
in flavor breaking), we still need the expression of the most general r'^(/)'s appearing 
in Eq.(164). The r'^(/) have been discussed in Sect. VI of Ref.[l]. That presentation is 
simple and remains valid for the octet magnetic moments to first order fiavor breaking. 
Here we will indicate some changes in notation of this survey with respect to [1] and 
also some corrections to the list of r'^(/)'s; these changes do not affect the 1st order 
flavor breaking baryon octet magnetic moments given in Rcf. [1] and here in Sect. 4. 

The changes in notation are the following: 1) The projection operators on the 
V,M, A quarks (P^, P-^, P^) have been now rewritten respectively as P", P'', P*. 2)The 
projection operator P*^ in the cm. current is now rewritten as [(2/3)P" — (1/3)P'^ — 
(1/3)P"]. 3) We usually write Qi instead of P^". 

As to the corrections (mentioned above), they consist in the following additions to 
the r(/)'s with respect to those listed in Ref.[l]: In addition to the r(/)'s listed in the 
Eq.(36) of that paper [and, for the fl~ , in the line below that of Eq.(36)], a new class 
of r(/) (1st order -or more- flavor breaking) must be considered of the form Tr{QP^), 
P^Tr{QP'), PfP^Tr{QP'), and, for the i}-, PlP^P^Tr{QP'). Note that the treat- 
ment of the magnetic moments to 1st order flavor breaking given in [1] remains correct, 
because the 1st order Trace term, as shown in Sect. 4, Eq.(30), can be expressed in 
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terms of Gi....G7.^^ 

A last remark on the meaning of "order in flavor breaking" . When we refer to first 
order flavor breaking, this means to keep only flavor breaking terms linear in the P*. 
But, because it is (-P/)" = for any (integer positive) n, the GP includes in fact 
all orders of the flavor breaking contributions additive in the quarks; flavor-breaking 
effects of 2nd order or more coming from terms carrying the indices of two different 
quarks are not included. 

C) The coefficients in the baryon mass parametrization 

This subject is treated in Scct.Xll of Ref. [1] and in the Appendix B of Ref. [26] . Both 
should be consulted (and, in particular, the first order flavor breaking mass formulas 
(82)(83)of Ref.[l] can be useful), but here we limit to list the formulas (given in [26]) 
leading to the values of the coefficients Mq, B, C, D, E, {a + b),c,d displayed in Sect. 3 
of this survey. 

Because in Sect. 3 the treatment of the general parametrization (and therefore of its 
parameters) refers to the strong interactions only [that is the masses in Eq. (19), Sect. 3 
are the eigenvalues of Hqcd, without the e.m. interaction], it is necessary, especially 
for the smaller coefficients, to extract from the experimental mass values their strong 
part. Stated otherwise, to determine the coefficients of the parametrization (19), one 
must use mass values independent of the e.m. and isospin breaking (m„ 7^ rrid), at least 
to first order. We did this already when writing the generalized Gell Mann-Okubo mass 
formula (Eq.(l)). 

For the large coefficients Mq, B, C, this precision is usually not necessary and we will 
just use an average mass on the different baryons of a multiplet, e.g. take N = (n+p) /2 
for the mass of a nucleon or (A = A^"*" + A"^ + A° + A~)/4 for the average mass of a 
A. Thus we will determine Mo, B,C as: 

Mo = (]V + A)/2, B ^A-N + 3E, C = (A-7V)/6 (167) 

where the parameter E in (167) (the same appearing in Eq.(168)) will be expressed 
in terms of the masses in the second equation below; D, E, (a + b) , c, d are determined 
from the following equations (168) that are Coulomb and isospin independent to first 
order: 

D= (l/6)[(E*--A-) + (S+-p)] (168) 

E = (1/6)(S*- - A") + (1/12)(E0 - 3A + 2n) 
c= (1/3)[(H*- + S-) - (S*- + S-)] -2E 
a + b= S--S- + (l/2)(S0-3A + 2n) + 2c 
d - Q- - A++ - 3(S*o - E*+) 

where in the above formulas A~ stays for: 

A- = A++ + 3(n - p) (169) 



^^In the list of Eq.(39) of Ref.[l] the term Gti,=^^_^i^ P^P^P^ai should also have appeared; it is 
classified however among the 2nd order flavor breaking terms that were not considered there. 
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